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Introduction

In this thesis, we study the positive rational solutions (z,y) of the equation x® + y* = n for any integer
n > 1. Our goal is to find the ”smallest” solution if there even is one. Here a solution is called the smallest
if the nominators and denominators of z and y are as small as possible.

This search is based on two of the Canterbury Puzzles of Henry E. Dudeney [1].

Example 1 (The Silver Cubes). A merchant has some silver, which he always keeps under the form of two
cubes. One day, he has 16 cm? of silver in two cubes of side-length 2 cm. After a transaction, he earns one
more cube centimetre of silver. How can he divide 17 cm? of silver in two cubes with rational side-length?
In other words, the problem is to find z,y € Q¢ such that 23 4+ 3> = 17.

Example 2 (Doctor of Physics). A doctor has two spherical bottles containing a drug: one sphere has
diameter 1 cm?® and the other has diameter 2 cm®. One day, she wants to transfer the contents of these
bottles into two other spherical bottles with other diameters. What can the diameters of these new bottles be
such that together they contain the same volume of drug? In other words, the problem is to find z,y € Qg
such that 23 + y3 = 13 + 2% = 9 with 2 and y different from 1 and 2.

In the end of the book, Dudeney gives the solutions to the puzzles. For Example 1 and Example 2 he
gives respectively the solutions:

(= )= 104940 11663 and (z )= 415280564497 676702467503
LU=\ 40831 7 20831 2292) = \ 348671682660 348671682660 ) -

Unfortunately, he does not give a clue how he found these solutions, but it is really unlikely that he found
them by trial-and-error.

In this thesis we always assume that n € Z>; is a cube-free integer. This assumption is not really re-
strictive, because a solution (z,y) for n = ¢3m produces a solution (z/c,y/c) for m. Furthermore, we often
assume that n is greater or equal to 3. The cases n = 1 and n = 2 are special, because they have the special
solutions (1,0) and (1,1) respectively and with that we already found their smallest solutions. However,
some of the obtained theory is still applicable in these cases.

We will consider the equation 2® 4+ 3> = n as a curve ES. Notice that the line x +y = 0 is an asymp-
tote of E; so there is some point O ‘at infinity’. To include this point we consider the projective version
of E2: the curve E, given by X3 + Y3 =nZ3 for (X : Y : Z) € P2. Then we have O = (1 : —1: 0) and
a solution (x,y) of 2% 4+ y3 = n corresponds to (z : y : 1). We denote by E2(Q) and E,(Q) the rational
points on EY and F,, respectively. So we have F,,(Q) = E.(Q)U{O}. Note that we also include the rational
points with negative coordinates. We define E;f (Q) C E.(Q) as the set of rational solutions with positive
coordinates.

In Chapter 1, we will equip F,(Q) with an abelian group law & and we give explicit formulas for this
operation. Then we will focus on constructing a measure of the elements of F,,(Q) in Chapter 2. This gives
us the Néron-Tate Height h which is a quadratic form on FE,(Q) In Chapter 3, we will show for n > 3 that if
E2(Q) is non-empty, E2(Q) has infinitely many elements and therefore £, (Q) has infinitely many elements.
In the end, we will discuss the Mordell-Weil Theorem, which states that E,(Q) is finitely generated as an
abelian group with group law &.

With these results, we can try to find a solution such that its Néron-Tate Height is a small as possible.
Therefore, we have to find the generators of E, (Q), but we don’t know how many generators E,, (Q) has.
When we found one, we search for the smallest multiple of a generator in E;"(Q).

In Example 1, we can easily find the point P = (18 : —1: 7) € E17(Q). Then we have 2P = (11663 :
104940 : 40831) € E;-(Q), which gives the same solution as the solution Dudeney found.

For Example 2, we already have Q = (2 : 1 : 1) € Ef (Q) from the solution (2,1), but want to find
another one. We will find that 2P,... 5P ¢ Ef (Q), but

6P = (415280564497 : 676702467503 : 348671682660).

This gives also the same solution as the solution Dudeney found.
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1 Chapter 1

We study the rational solutions of the equation 23+ = n. Therefore, we look at the curve ES : 23 +y3 =n
and its projective version E, C P2 given by X3+Y3 =nZ3 for (X : Y : Z) € P2. Notice that O = (1: —1:0)
and some point (z,y) on ES corresponds to (z : y : 1) on E,. Since F = X3 + Y3 —nZ3 is an irreducible
polynomial in R[X,Y, Z], E,, is an irreducible curve. Moreover, E,, is a smooth curve since

OF OF OF
(axayaz) 70

and hence every point has a tangent line.
To talk about rational and real points on a curve, we define for any field extension K C R of Q the sets:

By (K) = {(z.y) € K[a® +y° = n},
E,(K):={(X:Y:2) e P*(K)|X?+Y?=nZ"}.
Note that E,(K) = E2(K)U{0O}.
In this chapter, we will construct a group law @ on E, (K) and give explicit formulas for this operation.
This is based on §5.1 (p. 169 — 174) from [2].

1.1 Introduction to projective geometry

Here we give a brief overview of some definitions from projective geometry. For some field extension K C R
of Q, some degree d > 1 and any distinct points Py, ..., P, € P?(K) with m > 1, we consider following
vector spaces of polynomials:

Wy :={F € K[X,Y, Z]|F is homogeneous of degree d}

=SF(X,Y,Z)= Y ayXY/Z97 e €K o,
0<i,j<d
+j<d
Wa(Py,...,Py) = {F € Wy|F(P)) == F(P,,) = 0}.

When we want to emphasize the field K we denote Wy(K) and Wy(K)(Py, ..., Py) respectively. Note that
dim(Wy) = 3(d + 1)(d + 2) and hence dim(Wy(Py, ..., Py)) > 5(d+ 1)(d + 2) — m, because vanishing in a
point is a linear condition.

We call a set C' C P?(K) a line, a conic or a cubic if C is given by an equation F(X,Y,Z) = 0 for some
polynomial F in respectively Wy, Wy or Ws. In particular, E,, C P?(K) is a cubic for any field extension K
of Q.

Notice that for any two distinct points Py, P, € P?(K), there is exactly one line through P; and P;. So
dim(W;(Py, P,)) = 1. Moreover, for any five points P, ..., Ps € P2(K) such that no 4 of them are on the
same line (they are not colinear), there is exactly one conic through Py, ..., Ps. So dim(W(Py, ..., Ps)) = 1.

Usuallly we identify a curve of degree d by a polynomial F' € W, such that this curve is given by F' = 0.
Notice that this polynomial is not unique: for all A € K* and F' € W, the equations F' = 0 and A\F = 0 give
the same curve.

For the vector spaces of polynomials in an m-dimensional projective space, we introduce:

Wam = {F € Q[Xo,...,Xn]|F is homogeneous of degree d}.

1.2 The points on the curve as an abelian group

We have a closer look at the set E,(K) for some field extension K C R over Q. We want to describe a
group law @ on E,(K). Let A,B € E,(K). First we define [4p as the line through A and B. If A = B,
then [4p is the tangent line of F, in A = B. Since A and B have K-rational coordinates, we have that
lap € W1 (K)(A, B), so the coefficients of 145 are as well K-rational.
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Since F,, is a conic with K-rational coefficients, the intersection of E,, with {45 consists of three points
counting multiplicity. Finding these points amounts to solving a cubic equation with coefficients in K and
in one variable. Two solutions are known: A and B. Then we define A o B as the third intersection point.
Since A and B have K-rational coordinates, A o B has K-rational coordinates as well and therefore we have
Ao B € E,(K). Note that this third intersection point can be A or B if [ is the tangent line of F,, in A
or B. Finally we define A® B :=(AoB)oO.

In Figure 1 one can find two examples of the construction of Ao B. In Figure la A and B are different
80 l4p is the line joining them and in Figure 1b we have A = B so [44 is the tangent line of F, in A.

(a) Construction of Ao B with A # B (b) Construction of Ao A

Figure 1: Some examples of the construction of A o B.

Theorem 1.1. For any field extension K C R of Q, the operation @ defines a abelian group law on E, (K).

Proof. Notice that we have A®@ O = A = 0@ A for any A € E,(K). Therefore, O is indeed the neutral
element with respect to the operation &.

Furthermore we have A® (Ao O) = O, since A, Ao O and O lie on one line for all A € E,(K). Hence
Ao O is the inverse of A, because ® is clearly commutative. Since we write the group additively, we denote
the inverse by: —A = Ao O.

The associativity will be proved in Theorem 1.5. O

Remark 1.2. For A ® —B, we denote A S B.

1.2.1 Associativity of @

The last thing we need to verify that @ is a group law, is its associativity. Although it may seem easy
to verify, it is really hard to prove it by writing out the explicit formulas we will introduce in Theorem
1.6. Therefore, we use projective geometry to prove the associativity. First we need two lemmas from the
projective geometry.

Lemma 1.3. Let Pi,..., Py be eight distinct points in P2 such that no subset of four points is colinear and
no subset of seven points lie on the same conic. Then the vector space of homogeneous polynomials of degree
3 which vanish at Py,..., Ps has dimension 2.

Proof. Note that dim(W5) = 10 and dim(W3(Py, ..., Pg) > 2 by the discussion in §1.1. Now we distinguish
3 cases.

Suppose that there are three colinear points, say P;, P, and P; are on the same line L = 0 with
L € Wy (P, Py, Ps). Then we choose Py on this line L. Hence, for any F' € W3( Py, ..., Py), we have F' = LQ,
with @ € Wa(Py,...,Ps). Since no 4 of these points are colinear, we have dim(Wa(Py,...,Ps)) = 1. So
there is only one conic Qg vanishing in Py, ..., Py up to scaling. Hence dim(W3(Py,...,Py)) = 1 and thus
dim(W3(P1, ‘e ,Pg)) S dln’l(VVg(F’l7 [ ,Pg)) +1=2.

Suppose that there are six points on the same conic, say P, ..., Ps are on the same conic @ = 0 with
Q € Wa(Py,...,Ps). Then we choose Py on this conic (). Hence, for any F' € W3(Py,...,Py), we have
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F = LQ, with L € W1 (P7, Pg). Note that there is only one line between P; and Pg, so dim(W;(P7, Pg)) = 1.
Hence dlm(Wg(P]_, ey Pg)) =1 and thus dln’l(VVg(F’l7 N ,PS)) S dlm(Wg(Pl, ey Pg)) +1=2.

Suppose that there are no three colinear points and no six points all lie on the same conic. Then we choose
Pg and P10 on the line (Pl,PQ) given by L =0with L € Wl(Pl, Pg) Suppose that dlIIl(Wg(Pl, ey Pg)) Z 3,
then dim(Ws(Py, ..., Pio)) > 1. Thus there is a non-trivial F' € W5(P4, ..., Pig). Then we can write F' = LQ

with some non-trivial conic @ € Wa(Ps, ..., Ps). However, we assumed that there is no conic passing through
any subset of six points of Py,..., Ps. Therefore, we have dim(W3(Py,...,Ps)) < 2.
Thus we have dim(W3(Py,...,Ps)) = 2. O

Lemma 1.4. Let Cy and Cy be two cubics and Cy is irreducible. Assume that a cubic C' passes through 8
distinct points Py, ..., Py of the 9 intersection points Py, ..., Py of C1 and Cs. Then C also passes through
the ninth intersection point Py.

Proof. Suppose that there are 4 distinct points Ay,..., A4 on C; on the same line L € Wi (Ay,..., Ay).
Note that a cubic and a line can only intersect in 3 points or the whole line. Therefore, every point on the
line L also lies on Cy. Therefore C; can be written as C; = L@ for some conic (). However C is irreducible,
so this is not possible. Thus there are no 4 colinear points on Cj.

Suppose that there are 7 distinct points A, ..., A7 on C; on the same conic Q € Wa(A44,..., Ar). Note
that a cubic and a conic can only intersect in 6 points or the whole conic. Therefore, every point on the
conic () also lies on C;. Therefore Cy can be written as Cy = QL for some line L. However C is irreducible,
so this is not possible. Thus there are no 7 points on C; on the same conic.

Hence we can apply Lemma 1.3 and thus dim(W5(P, ..., Ps)) is of dimension 2 and therefore generated
by Cy and Cs. So we can write C as a linear combination of Cy and Cy and hence C'(Py) = 0. Thus C also
passes through Py. O

Now we can prove the associativity by applying Lemma 1.4.
Theorem 1.5. The operation & is associative.

Proof. To show the associativity, we take some P, Q, R € E,(K) distinct to each other, each other’s inverses
and sums and O. We will consider the special cases later.

First we construct (P @ Q) ® R. Therefore, we draw the line Ly through P and @ and call the third
intersection point T := P o Q. Then we take its inverse 7" := T o O = P @& Q by drawing the line Lo
through 7" and O. To add R, we draw the line L3 through 77 and R, whose third intersection point we call
U:=ToR=(P®Q)o R. Taking its inverse, we construct U’ := U o O = (P ® Q) ® R by drawing the line
Ly through U and O. In Figure 2a you can find an example of this construction.

Then we also construct P @ (Q @ R). Therefore, we draw the line M; through @ and R and call the
third intersection point S := @ o R. Then we take its inverse S’ := S0 O = Q ® R by drawing the line M,
through S and O. To add P, we draw the line M3 through P and S’, whose third intersection point we call
V:=PoS = Po(Q®R). Taking its inverse, we construct V' :=V o O = P® (Q @ R) by drawing the line
M, through V and O. In Figure 2b you can find an example of this construction.

(a) Construction of (P® Q) ® R (b) Construction of P ® (Q & R)
Figure 2: An example of the associativity of @ on Eq7(R).
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Next, we observe the cubics C7 = L1 - My - Ly and Cy = M7 - Lo - M3. Hence we have:

E,(K)nC, ={P,Q,T,S,0,5, T R, U},

E,(K)NCy={Q.R,5T,0, T, P,S' V}.
Since FE, is an irreducible conic, C; has to pass through V and C5 has to pass through U by Lemma 1.4.
Therefore U and V have to be the same and hence U' = V’. Thus (P& Q)@ R=P d (Q ® R).

In conclusion, @ is in general associative but for some special cases where E, (K)NCy and E,(K) N Cy
does not contain 8 distinct points and U respectively V.

Let P,Q, R € E,(R) be a special case. Then we can write P, () and R as the limits of some sequences
{Pi}o: {Qr}72, and {Ry}2, respectively where Py, Qr, Ry is a nonspecial case for all k € Z>o. Then we
have (Pr, ® Qk) ® Ry = P, ® (Q ® Ry,) for all k € Z>. Taking limits we get (P9 Q)® R =P ® (Q ® R)
by the continuity of @. The continuity of & will be proved in Corollary 1.7 from the explicit formulas for &.
Therefore we use for E,(R) the induced topology from P?(R). Hence @ is associative in E,(R). Therefore,
@ is also associative for fields contained in R.

Thus @ is associative and defines a group law on E, (K) for any field extension K C R of Q. O

1.3 The explicit group law

For our curves E we can write the group law explicitly. To avoid fractions and special cases, we will again
use projective geometry and write out the group law for the curve E,.

Theorem 1.6. Let P= (z:y:2),PL = (x1:y1:21), P2 = (€2 : Y2 : 22) € E(K) with Py # Pa. Then we
have:

—P=(y:z:2z),
PL @ Py = (x122(21y2 — T2y1) + nz122(y122 — y221)
Y1y2 (Y122 — yox1) + nziz2(T122 — T221)
T1x2(2122 — T221) + Y1Y2(Y122 — Y221)),
2P = (—y(22° +9°) 1 2(2” + 29°) : 2(2” — 3%)).

Proof. We parametrize the line through P, and Ps:
A2y + g s Ayy + pyo : Az1 + pze) with (A : p) € PHQ).

To find the third intersection point of this line with F,, we fill in this parametrization in our homegeneous
equation for the curve E,:

(A1 + pa2)® + (g1 + pya)® = n(Az1 + pze)’.
Writing out gives us:
Naf 4+ 3N patws + 3MuPwiad + p’xl + Ny + 3N uytye + 3Nty + pys =
nAP 2} + 3N pzizg + 3nputz 25 + pls.
Since P; and P, are on E,,, we have:
3Nty + 3MpPwywd + 302 pytyn + 3\t y1ys = 3nA2 2l 2o + 3nAputz 23

Note that A =0 and p = 0 gives us respectively P; and P,. Since we search for the third intersection point
of the line with the curve, we can assume A,y # 0. Hence we have:

AzTxg + pwi s + Ay ys + prys = nAzize + npz

@tz + yiys — nzizg) = p(—z123 — Y1y + naz3).
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Thus we have:

A:p) = (fxlxg - ylyg + nzlzg : l’%l’g + y%yQ - TLZ%ZQ)
This gives us the point:

Pyo Py = ((—z12% — y1y3 + nzi22)xy + (2220 4+ 32y — n2lzg)zy
(—z123 — y1y5 + nz123)y1 + (2322 + yiye — nzize)ys -
(=122 — 195 + nz123) 21 + (2320 + yiys — n2z)20)
=(- xfa:% — x1y1y§ + nxlzlzg + xfx% + :ng%yg — nxngzg :
— T1@3Y1 — YIY3 + ny12125 + 2TTay0 + YTy — N2tz
— xlzgzl — ylygzl + nzfzg + x%xﬂz + y%yQZQ — nz%zg)
= (= T1y1Y3 + n@12125 + TaYTY2 — NE227 20
— @1xhyr + 12125 + 2 ways — ny2ziz
— T1T521 — Y1ys 21 + TiT222 + YY220)
= (1y2(y122 — yo1) + n2z120(2122 — To21)
z122(T1Y2 — T2y1) + nz122(y122 — Y221) -
T122(T122 — T221) + Y1Y2(y122 — Y221)).
Notice that for any point P = (x: y : z) € ES(K), we hence have (recall that O = (1: —1:0)):
—P=PoO=(—-yly+z):—z(z+y): —z2@x+y)) =(y:z:2).

From this we have:

Pl@PQZ(Plo.PQ)OO
= (z172(21Y2 — T2y1) + n2122(Y122 — Yo21) :
y1y2(y172 — y21) + nz129(v122 — T221) :

T122(T122 — T221) + Y1y2(Y122 — Y221))-

Since E, is given by F(X,Y,Z) =0 for F(X,Y,Z) = X3+ Y3 —nZ3 € W3, the tangent line through P is
given by:

OxF(P)(X —2)+ 0y F(P)(Y —y)+02F(P)(Z —2) =0,
(BX?)(P)(X — ) + BY*)(P)(Y —y) + (=3nZ*)(P)(Z - 2) = 0,
322X — 32 4 3y°Y — 3y® = 3n2?Z — 3n2’.
Since P is on E,,, we have x° + y> = nz3, so:
TpE, : 22X + y2Y =nz’Z.

Now we want the other intersection point Po P = (a: b: ¢) of TpE,, with F,, besides P. Therefore we can
combine these equations and we get:

Y X3+ (n2?Z — 22 X)3 = nyS 73
(48 — 2%) X3 + (3n2?2) X2 Z 4 (=3n?2*2?) X 2% + (n32° —ny®)Z% = 0.

Since (z : z) is a double root is this equation and the other intersection point is (a : ¢), this equation can be
rewritten as:

(2X —22)*(cX —aZ) =0
22eX? 4 (—2%a — 222¢) X?Z 4 (2220 + 2°c) X 2% — 2%aZ® = 0.
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This gives us:
(—2%a — 2xz¢)(y® — 2%) = (2%¢)(3nz%a?)
(—za — 2xc)z(2® + ) (y® — 2°) = 32t2(2® + y¥)c.
If P # O, then this gives us:
(—za — 2xc)(y® — %) = 32’c
2(2 —y*a = 22y — 22 + 30)c = x(2® 4+ 2y%)c.
Thus:
(a:0) = (a(a® +2%) : 2(2° — o).
Similarly we get:
(b:c) = (y(22° +°) : 2(y® — 2%)) = (—y(22° +3°)  2(2® = y?)).
Thus we have:
PoP=(aib:c)=(a(z® +2%) : —y(2® + %) : 2(2° — 1)),
Hence we have:
2P = (—y(22% +43) : x(2® + 293) : 2(2® — o).
Note that for P = O we have 2P = O and this also satisfies the formulas. O

Using the explicit formulas we can prove the continuity of & on E, (R) supplied with the induced topology
of P2(R).

Corollary 1.7. The operation @ is continuous on E,(R).

Proof. We need to show that for all P € E,,(R) the map @ — P ® @ is continuous. From the explicit group
law we have that this map is continuous in @ for all @ € E,,(R) except for Q = P. Thus we need to show
that:

Jim (P& Q) =2P.

This holds true if and only if limg_,p P o Q) = P o P. Note that this is true for P = O. So if we can show
for all P € E2(R) that limg_,p lpg = lpp, we are done.

Since P € EZ(R), we can write P = (xp : yp : 1) and for all @ € E2(R) we can write Q@ = (xg : yo : 1).
Then lines lpg and lpp = TpE, in P*(R) are given by:

lpq : (yp —yQ)(X —2pZ) — (zp —2q)(Y —ypZ) =0,
lpp: I%(X — :EPZ) erp(Y — ypZ) =0.

To show that Ipg — lpp as Q@ — P, we want to show that

—(zp —2q)ap _ vhpuq —Tp

= —1 as Q— P.
(P —YQ)Yp Y —YPUQ

Now we write zg = xp + & such that 6 — 0 as @ — P. Since P,Q € E2(R), we can write yp = {/n — z3



and yo = {/n — 373@ This gives us 2%zg — 2% = dz% and by Taylor expansion we have:

v — vhug =n— b — {/(n—2b)2(n — (zp +6)?)

n—ah — \S/(n —2%)3 — §(32% + 3dxp + 02)(n — 2%)?

1
=n—x%h— ( v/ (n—a3)3 — 5(5(337?3 +30zp +6%)(n —xh)? - (n—ah) "% + (’)(52)>

1
=4 (az% + dzp + 362) +0(6%)

= 630%, + (’)(52).
Hence we have:

. —(xp—mg)ah . Sx%
lim P oy, OTP
anp (yp — ¥0)ys 550 dx% + O(62)

Thus @ is a continuous operation on E, (R) for all n € Z>;. O

Since the explicit formulas are derived without using the associativity of @, we can use the continuity
to prove the associativity.

Remark 1.8. If there were some P = (x : y : z) € E,(Q) such that 2P = O, then we have by Theorem 1.6
that z = 0 or 23 = 93 and hence = = y, because z,y € Q. If z = 0 then we have P = 0. If 2 = y, then we
have 223 = nz3. This is not possible if n > 3 is cube-free. Thus if n # 2 is cube-free then for all P € E,,(Q)
we have 2P = O if and only if P = O.

Notice that for n = 2, 223 = nz® gives us x = z since z, 2 € Q. Then we have the point (1:1: 1) € Ex(Q)
with 2(1:1:1) = 0.
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2 Chapter 2

In this section our goal is to measure the sizes of rational solutions on the curve E? : 23+ 3> = n. Thereafter
we look for relations between this size and the group law on E,(Q). Since we also want to include O, we
work in the rational projective plane P?(Q). This is based on §5.2 (p. 174 — 184) from [2].

2.1 The Weil Height

We have a look at the Weil Height on rational projective spaces P"™(Q) and prove some nice properties.

To define the Weil Height, we need the p-adic absolute values for primes p on Q. Let x € Q* be given, then
for any prime p we can write x = p~° - ¢ with unique a, b, e, € Z and gecd(a,b) = ged(a, p) = ged(b, p) = 1.
Then we put:

||y == p~ ", |0]p := 0.
One can verify that the p-adic absolute values satisfy the following properties:

lzylp = [2]p]Ylps |z + ylp < max{|z|p, [ylp}-

We take |- | as the usual absolute value on Q. Defining Mg as the set of all primes and infinity, we
have a set of absolute values | - |, for v € Mg. For more details, one may be referred to §5.2.1 (p. 174-175)
from [2].

Proposition 2.1 (Product Formula). For all xz € Q*, we have:

IT Il =1.

ve Mg

Ci
%

k k
[T lel =lolo- TT laby=TTe5 - TIwic =1
i=1 =1

Proof. Again we can write z = £+ Hlep with primes p; and e; € Z. Then we have:

vE Mg primes p
O
Definition 2.2. For P = (x¢ : - : &) € P"(Q), the Weil Height of P is defined to be
h(P) =3 log (mix{lzilu})
ve Mg

We need to check that the Weil Height is well-defined: that is that the formula above is independent of
the choice of the homogeneous coordinates. Let x € Q* be given, then we can write P = (zg : -+ : &p,) =
(zxo: -+ : xxy) and hence we have using Proposition 2.1:

n(P) = 3" tog (whx{lal, - [zil.}) = D log(lel) +log (mix{leilu}) = > log (wix{lel.}) -
ve Mg veE Mg ve Mg

Remark 2.3. Notice that for any P € P™(Q), we can write P = (29 : --- : 2zp,) with coprime integers
20 . .,%m. Then for any prime p € Mg we have:

max{|z,} = 1.
=0

since |z;], < 1 for all 4, and at least one z; is coprime with p and hence |z, = 1 for this z;. Therefore we
have:

h(P) = log (2] })
11



2.2 The Weil Height and polynomial maps

In this subsection we study the behaviour of the Weil Height with polynomial maps between projective
spaces. Therefore these polynomials require a special property.

Definition 2.4. Let Fy,..., F, € Wy,,(Q) be homogeneous polynomials of degree d > 1. Then we call
this set of m polynomials good if there is an M € Z>; and there are polynomials A;; € War—q.m(Q) for
0 <i,7 < m such that for all i € {0,...,m}:

m
> A F; = XM
§=0

Theorem 2.5. Let Fy, ..., Fy € Wan(Q) be a good set of homogeneous polynomials of degree d in (Xo, ..., Xm).
Let Z C P™(Q) be the set of common zeros of Fy, ..., F,, and define:

O:P"QN\NZ—>P"Q):2(Xp: - : X)) = (Fo(Xoy .-, Xim) ot Frn(Xo, - ., X))
Then there are constants C1 > 0 and Cy > 0 only depending on ® such that for all P € P™(Q) \ Z we have:

(2 (

dh(P) — Cy < h(®(P)) / dh(P) + Cy.

In other words, there exists a constant C = max{Cy,Ca} > 0 depending only on ® such that for all P €
P™(Q) \ Z we have:

[h(®(P)) — dh(P)| < C.

Remark 2.6. Note that inequality (1) is true for any set of homogeneous polynomials Fy,...,F, €
Wa,m (Q). From the proof it will be clear that we don’t use the assumption that they are good.

Proof. (1) Note that Wy, is generated by the monomials:

m m
[1X;7 |7 € Nam p with Ny =< i = (ng,...,np) € N"TY "n; =d
§=0 §=0
Hence, we have for i = 0,...,m and any ¥ = (zg,...,Z,,) € QmT!
m
Fi(#)= Y Xal" with Az €Q and & =[]}’
RENG,m j=0
This gives us for any prime p:
m
_ = . m
F (@), = ~§ Niad| < max. \Ai,ﬁ\ijO sl ¢ < ma {Aualy} - il |}
€N m =

p

Note that #Ng ,, = dim(Wy ) = (dtlm). Thus for the usual absolute value we have:

|Fi(zo, ..., xm)| = Z Xia < ( i ) max ¢ |Aiqloo H |z ;|52
3=0

nEN,
’FiENdym 50 dm

d+m m d
< (Y e (el bl o)

12



Hence we have for all P = (zg: -+ : x,) € P™(Q):

P@(P) = 3 log (nitx {|Fi(@)].})

vEMyg

zlog(r?iégc{\Fi(f)\oo})-&- Z 10g<1?§g<{|Fi(f)|p})

primes p

<lo ((d-i-m)) + log (max{ madxm{|)\zn|oo}}) + dlog (I?%ﬂiﬂjoo})
2 { 0g (Illfl { mex {|)\Z n|p}}> +dlog <rjr_1”§8({|xj|p}>}

< dh(P) + log ((dz )) D log (rfl—ax {ﬁénz\%zx()wv)D .

vE Mg

Thus we have for all P € P™(Q):

h(®(P)) < dh(P) + Cy.

d+m m
Cy = log (( J >) + EZM log (r?gg{ﬁg}\afm{&,m}}) :
vE€Mo

(2) Since Fy, ..., Fy, is a good set of polynomials, there is an M € Z>; and polynomials A; for 0 <4,k <m
such that for alli=0,...,m

with

= AiFy.
k=1

Then we have for P = (g : -+ : a) € P™(Q) \ Z:

Note that A;x € War—g.m(Q), so we can write:

Ap(@) = Y apad" with ¢y €Q
AENNM —d,m
and hence
Ai(@, < _max aigzly} - ]l
. M—d+m _
Aa@le < (MU0 e el bl
So we have:

il < miaxe{| A (7], } miax{ (| Fu ()], }

<m’ax{ﬂ max {|aik,ﬁ|p}} el |} - (| Fe (@), ).
N j=0 k=1

k=1 |A€ENM_d,m

Jwilag < mmax{| Aig (7). } max{ | F ()], }

IA
3

M—d+m m m M—d m o
(M i o Gl |l o} (1A,

k= TENNM _—d,m

13



Hence we have:

m M m m m M—d m _
max{|zip } Srglgfg?jf{ﬁejrvr;?xdwm{lam,ﬁlp}}-r;lgg{lep} ~max{|Fy ()], },

M_d+m I’I’InXmmX
M—d 1A, a.

mTax{|xi|oo}MSm( i { ma {|aik,ﬁ|oo}}-m’;%x{xj|oo}M-d-m’§x{|Fk<f>
=0 =1 k=1 7=0 k=1

RENM—d,m

oot

Thus:

I?Za(g({lxilp}d < I?gf{riﬁi{ {ﬁe}\}lﬂﬁim{aik,ﬁp}} '%:é?{le(fﬂp},

m M — d—|—m m m m N
st < (M T il e (osal) | wiePGL)

Hence we have:

B@(P) = > log (nidx {|Fi(@)].})

ve Mg
> m . _ m n ) .
> 3 {tog (sl )) — os (e {_pox oo} ) }

vE Mg ’

M—d
—log(m) — log (( M —Zm>)
M —d +m m n

> _ I
2 dh(P) — | log(m) + log (( M—d )) D log (mm{}&;{"}})

Thus we have for all P € P™(Q) \ Z:

with

M—d m_m
Cy = log(m) + log (( u _J;m>> + ) log (r?_afr]glf {ﬁejf\}laxd {lakm v}}> :

Lemma 2.7. For all z,y € Q, we have:
[h(1:x+y:zy)—h(x:1)—h(y:1)| <log(2).

Proof. First we show that for all v € Mg, there are constants C, and D, such that for all z,y € Q, we
have:

max{[1],, [z + ylv, [zylo } <D
max{|1]y, x|y} max{[1], [y|,} ~

v =

For any prime p we have:

|+ ylp < max{laly, [ylp} < max{[1],, [z]p, [ylp, [2ylp} = max{|L]p, [z],} max{|1]p, [y]y},
[+ Yloo < |20 + [yloo < 2max{|z[oo; [yloo} < 2max{[1]eo, |#[oo } max{|1|oc, [y]oo}-

So D, =1 and Dy, = 2 are suitable constants.

Let p be a prime, then we can assume |z|, < |y|, without loss of generality. If |z|, < |y|, < 1, then
we also have |z + y[, < 1 and |zy|, < 1. If |z|, < 1 < |y|,, then we have |zy|, < |y|, < |z + y[p. If
1 < |z|, <lylp, then we have |y|, < |zy|,. So Cp =1 is a suitable constant.

14



Note that (x —y)? >0, so 22 + 2zy + y? > 4wy. Hence 4y < (z + y)? and thus 24/[2y|ee < |7 + Y]oo-
So Cs = 5 is a suitable constant.
By 5umm1ng over all v € Mg, we have:

[h(1:z+y:2y)—h(z:1)—h(y: 1) <log(2)
for all z,y € Q. O

Remark 2.8. In the proof above, we have discovered the remarkable result that for any prime p and z,y € Q,
we have:

max{1, |z + y‘pv |zy|p} = max{1, |x|p}max{1, |y|p}

2.3 Sizes of solutions

To define the size of a solution of E, : X2+ Y3 =nZ3, we could use directly the Weil Height, but to acquire
some nice properties, we use the map:

Q:E,(Q) = Q:Qz,y) =

4y

This is well-defined, because the only point in F, (Q) with z + y =0 is O.

Definition 2.9. For any solution P € E,(Q) of the equation X3 + Y? = nZ3, we define its height by:
h(P):=h(Q(P):1) for P€ E2(Q) and h(O):=0

with h the Weil Height on P*(Q).

We also call h(P) the size of a solution P € E,(Q). In addition, h(P) is proportional to the number of
digits of P = (20 : -+ : 2, ) where 2o, ..., 2z, are coprime integers.

Remark 2.10. Notice that for any P = (x,y) € E5(Q), we have —P = (y,z) and hence Q(—P) = Q(P).
Thus we also have h(—P) = h(P).

Remark 2.11. For any point R = (zg,yr) € E5(Q), we have:

1 3

n = x?f{ —|—y}°’3 = (zr + yR)3 —3zryr(zr +yr) = W — mRyRM'

So:
ey = L TSUR)
RYR = 30(R)2
By similar calculations we have:
1+ 2nQ(R>3 —1+ 8nQ(R)3 + 2n2Q(R)6
2 2 _ - etwmesy) 4 4 _
TRV TR TRt 90(R)’

For any P = (zp,ypr), Q@ = (20, yq) € ES(Q) with P& Q, P& Q,2P # O we have by Theorem 1.6:

PoQ - (rre fCPyQ —zqyp) + n(yr — yo) yryq(yprg —yorp) + n(rp — wQ))

< zpro(rp — Q) +yryo(yr — yQ) ’ zpro(rp — Q) +yrYo(yr — yQ)
PoQ= (xpr rprq —yoyr) + nlyr — 2q) yrrq(ypyq — rqrp) + nlzp — yQ))

zpyq(rp —yq) +yrrqlyr —2q) = xryq(xr —y@) + yrrq(yr — Q)

op— (ZYP 2wp+yp) :cp(xp+2y‘}’>)>

)

3 3
mP*yP Ip —Yp

15



Hence we have:

(zprg(rp — Q) + YrYQ(yr — ¥q))

AP Q) = e —vrra)rrq —vpya) + n((er T ) — (70 + ¥Q))’
QP e Q) = (zryq(zp —yo) + yrzo(yr — 7q)) ,
(xpyq — yrzq)(Trrq — YrYyQ) + n((zP +yr) — (20 +YQ))
Q2P) = — 31'313 . 3t 3 2<xP - yp)gz% +3xpyp +ye)
rp —2xpyp +22pyp —yp  (xp —yp)(@h +2hyp + rpYp +yp) — 22pyp(xp —yp)(TP +YpP)
TH + Tpyp + Yp _ th +Tpyp + Yp

ah +xpyp +wpyp +yb — 20pyp — 20pyp  Th — THYP — TPYp +YP

Lemma 2.12. The height h is almost quadratic: there is a constant C > 0 such that for all P € E,(Q), we
have:

|h(2P) — 4h(P)| < C.

Proof. The case that P = O is trivial. If n # 2, we have 2P # O for P € E;(Q) by Remark 1.8. Recall
that for n = 2, we have the point (1 :1:1) such that 2(1:1:1) =0, but forall P € E3(Q)\ {(1:1:1)},
we have 2P # O.

By Remark 2.11 we have for all P = (zp,yp) € E2(Q) with 2P # O:

3 — 2hyp — xpysh +yh anQ(P)? —1

Now we introduce the maps:

¢: PYQ) — PYQ): @(T:U) = (AnTU3—T*:nU*+2T30),
v Ep(@Q — PHQ): @(P) = (1:92(P)),
0: ENQ) — E2Q): 6(P) = 2P.
Notice that we have:
potp: E(Q) — PYQ): (1:Q(P)) (4nQ(P)3 — 1 : nQ(P)* 4+ 2Q(P)) = (1: Q(2P)),

P - : —
of: E2(Q) — PYQ): P ~ 2P —
So ¢pop =1of on E(Q).

Now we want to apply Theorem 2.5 to ¢. Therefore, we need to show that the polynomials Py(T : U) =
4nTU? —T* and Py(T : U) = nU* + 273U are good and we need to identify the set Z,; of common zeros of
Py and P; in PYH(Q).

Suppose (T : U) is a common zero. If T' = 0, then we also have U = 0, so this is not possible. Therefore
we have T' # 0 and hence we can assume that 7' = 1. This gives us the following two equations.

{ U = 1 (1)
nUt+20 = 0 (2)

(1:Q(2P)).

From (2), we can derive that U = 0 or nU® = —2. By (1) we know that U # 0, so U? = —2 and U? = L.

Hence U = =5 = —8. However (—8)> = 64 > 1 > L since n € Z>1. So U # —8 and this gives a
contradiction. Thus Z, = 0.

We introduce the following polynomials A;; € W3 o:

Ap(T:U) = —5(4nU?+9T3), An(T:U) = LnTU?,
Ap(T:U) = — 525 T2U, An(T:U) = =(9nU% —2T3).

Then one can check by a direct computation that:
Ag Py + A Py =T7, APy + AnP =U".

16



So Py, P, € Wy o are good.
Therefore we can apply Theorem 2.5 to ¢. So there is a constant C' > 0 such that for all (z : y) € P*(Q)
we have:

[h(d(z :y)) —4h(z : y)| < C.
Hence we have for all P € E2(Q) with 2P # O:

|h(2P) — 4h(P)| = |h(2(2P) : 1) — 4h(Q(P) : 1)
= [(¢(2P)) — 4h(4(P))|
= [((6(P))) — 4h(¥(P))]
= [(¢(4(P))) — 4h((P))| < C
Thus there is a constant C' > 0 such that for all P € E,(Q) we have |h(2P) — 4h(P)| < C. Note that for
n = 2, we have to take a new constant ¢ = max{C,h(1:1: 1)} = max{C,log(2)}. O

Remark 2.13. Note that C depends only on n and therefore we can express C' in n. Recall that we have
d=4,m=1and M =7. From Theorem 2.5 we have for the upper bound:

d m
Cy = log (( tlm» + ) log (r?agc{ﬁénﬂx {IAi,ﬁlv}D

v€ Mg
= log(5) + log(4n) = log(20n).

From Theorem 2.5 we have for the lower bound:

M—d+m e ma
Oz—log(m)+log<< M d >) + ) log <rg1_‘cxlxrg§;<{ﬁe}vnjx {Iam,ﬁlv}}>

ve Mg —dim
1
= log(4) + log (max{nb, 2}) + log(16n?) < log(64n?).

Note that log(20n) < log(64n®) = 31log(4n). Thus for all P € E,(Q) we have:
|h(2P) — 4h(P)| < 3log(4n).
For n = 2 we have 3log(4n) > log(2), thus then this estimation still holds.

Lemma 2.14. The height h almost satisfies the parallelogram law: there is a constant C > 0 such that for
all P,Q € E,(Q), we have:

(P Q) +h(P e Q) —2h(P) ~ 2h(Q)| < C.

Proof. If P = O or Q = O, then we have h(P® Q) +h(PS Q) = 2h(P)+2h(Q) by Remark 2.10. Moreover,
if P=@Q or P =—( we can see the statement is obviously true by Lemma 2.12.

Let P = (zp,ypr),Q = (zg,y0) € Ep(Q) with P& Q,P & Q # O, then we have by Remark 2.11 with
U:=Q(P)+QQ) and V := Q(P)Q(Q):

12n((2 +yp)(xq +yq) — (zp +yp) (=3 +¥3))
(#% + yp)(xquq) — (xpyr)(zd +y5) + n((zp +yp) — (zq +yq))
MmQ(P)QAQ)QUP) + Q) =1 20UV —1

QPaQ)+Q2(PoQ) =

n(QUP) - 2(Q))? - nU? =4V’

Now we introduce the maps:
o: PH(Q) — P2Q): ®T:U:V)

U: E°(Q)2 —  PXQ): U(P,Q)
©: EyQ)? - ENQ?: O(PQ)

(nU? —4nTV : 2nUV —T? : nV?2 +TU),
(1:9(P) +Q(Q) : UAP)QQ)),
= (PoQ,PoQ).



Notice that we have:

Po¥: Ep(Q? — PXQ): (PQ) — (1:Q(P) +Q(Q) : (P ) (@)

= (1:QPeQ)+UPeQ): AP e QP S Q)),
Vo®: E2(Q)? — PXQ): (P,Q) ~— (PoQ,PoQ )

= (1:QP®Q)+QPcQ): QPoQ)UPOQ)).

SoPo® =00V on E2(Q)%

Now we want to apply Theorem 2.5 to ®. Therefore, we need to show that the polynomials Py(T : U :
V)=nU? —4nTV, P(T:U : V) =2nUV —T? and Po(T : U : V) = nV? + TU are good and we need to
identify the set Zg of common zeros of Py, P, P> € W3 in P2(Q).

Suppose (T : U : V) is a common rational zero. If T = 0, then we have nU? = 2nUV = nV? = 0 and
hence U = V = 0, so this is not possible. Therefore we have T' # 0 and hence we can assume that 7' = 1.
This gives us the following three equations.

U2 = 4v (1)
UV = 1 (2
nV? = U (3)

Combining (1) and (3) gives us n?V* =4V, so V(n?V3 —4) = 0. Thus V = 0 or n?V? = 4. Note that we
have V # 0 by (2), so we have V3 = %. Thus V =1 % Since V' is a rational number and n is a positive
cube-free integer, n has to be 2. This gives us V = 1. From (2) we can derive U = 7, but from (3) we have
U = —2. Hence we have a contradiction. Thus Zg = 0.

We introduce the polynomials A;; € Wa 3:

Ap(T:U:V) = AnV2, A(T:U:V) = =2nUV —9T?%, Aw(T:U:V) = 1601V,
Ag(T:U:V) = LUTU +902), AW(T:U:V) = —16V2,  Ap(T:U:V) = 320V,
Ao(T:U:V) = . Ap(T:U:V) = —arv, Ap(T:U:V) = WV TU

Then one can check by direct computation that:
AgoPo + Ag1 Py + A2 Py = 9T, AyoPy + A1 Py + Apa Py = 9U*, APy + A1 Py + Ago Py = 9V2,

So Py, P1, P> € W 3 are good.
Now we can apply Theorem 2.5 to ®. So there is a constant C’ > 0 such that for all (z : y : 2) € P?(Q)
we have:

|h(®(x:y:2))—2h(z:y:2)| <C.
By Lemma 2.7, we also have for all P,Q € E2(Q) with P& Q,Po Q # O:
|h((P,Q)) — h(Q(P) : 1) = h(Q) : 1)|

= [h(1: Q(P) + Q(Q), 2P)Q(Q)) — h(Q2(P) : 1) = A(Q(Q) : 1)| < log(2).
From this we can derive that for all P,@Q € E;(Q) with P® Q, P & Q # O we have:
hP © Q)+ h(P & Q) —2h(P) — 2h(Q)]
MOUP®Q): 1) +h(QPEQ): 1) —2h(QP) : 1) — 2h(AQ) : 1)
h(¥(PoQ,PoQ))—2h(¥(PQ))|+3log(2)
h(¥(O(P,Q))) — 2h(¥(P,Q))| + 310g(2)
h(®(¥

O(¥(P,Q))) — 2h(¥(P,Q))| + 3log(2)
< C’ + 3log(2).

Since the other cases are trivial or treated in the previous Lemma 2.12, there is a constant C' > 0 such that
for all P,Q € E,(Q), we have

(P Q) +h(P© Q) ~ 2h(P) ~ 2h(Q)] < C.
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2.4 The Néron-Tate Height

In the previous subsection, we constructed the height h for solutions (X : Y : Z) € P?(Q) of the equation
E, : X®+Y3 =nZ3 and in Lemma 2.12 and Lemma 2.14 we proved that h is almost quadratic and almost
satisfies the parallelogram rule. Using this height, we construct the Néron-Tate Height. This new height will
be quadratic and satisfy the parallelogram rule.

Lemma 2.15. Let S be a set, d > 1 a constant and h : S — R and f : S — S two maps such that there
is some C > 0 such that for all x € S we have |(ho f)(z) — dh(z)| < C. Then for all x € S the sequence
{d=*n (fk(a:))}iio converges and we define hy(z) := limg_0o d*h (f*(z)) which satisfies for all z € S:

b by < == j

Proof. Let m < k € Z>o. Then we have:

k—m

[d7" R (f™ (@) = d™ R (fR @) < D [T R (T @) = dT R (f T (@)

i=1
k—m C C
< dfmfiC — = (g™ _— dfk <~
T = d—l( )_dm(d—l)’
since d > 1 and m < k. Therefore, for all ¢ > 0 there exists an m € Zx( such that % < e. Thus

{d=Fh (f*(x))},—, is a Cauchy sequence and hence it converges.
For all k € Z>o, we have |h(z) —d~Fh (f*(2))] < 75, so:

() = h(a)| = T [(a) - d=*h (FH(@)] <

n— oo d—1"

Moreover, we also have for all x € S:

hi(f(z)) = lim d=*h (fF+1(2)) = d lim d=* 1 (f* (@) = dhy ().

k—o0

Theorem 2.16. For all P € E,,(Q) we define the Néron-Tate Height by:

h(P) := lim h@'p)

n— oo

0.

This is well-defined and h satisfies the parallelogram rule: for all P,Q € E,(Q) we have:
h(P ® Q) + h(P & Q) = 2h(P) + 2h(Q).

Moreover, for all P € E,(Q) and m € Z>1, we have h(mP) = m2h(P). So h is a quadratic form.

Proof. By Lemma 2.12, we can apply Lemma 2.15 to E,(Q), d = 4, the height h and the duplication map
P+ 2P. Therefore, the Néron-Tate Height h is well-defined. Since h(P) > 0 for all P € E,(Q), we also
have h(P) > 0 for all P € E,(Q).

From Lemma 2.14, there is some C' > 0 such that for all P,Q € E,,(Q) and k € Z>o we have:

|h((2"P) @ (2Q)) + h((2¥P) © (2"Q)) — 2h(2"P) — 2h(2"Q))| < C.
Dividing by 4* we have:

i [PCHPOQ)  REHPOQ) L REEP) (24Q))

00 4k 4k 4k w |0
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Thus we have for all P,Q € E,(Q):
h(P® Q)+ h(P & —Q) = 2h(P) + 2h(Q).
Assuming that h(mP) = m2h(P) for any P € E,(Q) and 1 < m < M, we have:
h(MP) = 2h((M — 1)P) + 2h(P) — h((M — 2)P) = (2(M — 1)?> + 2 — (M — 2)?)h(P) = M>*h(P).

Thus for all P € E,(Q) and m € Zs1, we have h(mP) = m2h(P), since h(P) = h(P). O

Remark 2.17. Notice that Lemma 2.15 gives with Remark 2.13 the following remarkable result. For all
n >3 and P € E,(Q) we have:
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3 Chapter 3

In this section, we will investigate how many rational solutions our equation E° : 23 + y3 = n has: how
many elements has EZ(Q)? Since we are interested in the solutions with positive coordinates we also wonder
how many elements E;(Q) := {(z,y) € ES(Q)|x,y > 0} has. Thereafter we will investigate how FE, (Q) is
generated.

3.1 The number of solutions

We don’t know if E¢(Q) has any elements at all, but if we assume that it contains at least one point, we can
derive some really nice results. The following theorem can be found in §17.9 (p. 287-288) from [3].

Theorem 3.1. If EX(Q) is non-empty for some n > 3, it has infinitely many elements.

Proof. Since E2(Q) is non-empty, there is some P = (xq : 4o : 20) € ES(Q) with coprime integers xg, yo, 2o
with 29 # 0 and zo+yo # 0, because P # O. Note that g, yo, 29 are even pairwise coprime since z3+y3 = nz3
and n is cubefree. Furthermore, we also know that xzg # yo and xg,yg # 0, since n > 3 is cubefree. Thus
0, Yo, 20 #Z 0 and zg # +yg. By Theorem 1.6 we have coprime integers 1, y1, 21 such that:

2P =(z1:y1:21) = (—y0(2:rg + yg’) : xo(:cg + Qy(?)’) : zo(wg — yg’))

Then we have:

Azy = —yo (2 + y3), (1)
Ay = xO(fU(?; + 293)7 (2)
Az = zo(xf — ), (3)

with A 1= ged(—yo (223 + v3), xo(z3 + 243), z0(x3 — y3)). Since x3 + y3 = n2zf, x1,y1, 21 are even pairwise
coprime.

Let p € Z~1 be a prime divisor of A. If p|xg, then also plyy by equation (1), but zy and yo are coprime,
so this is not possible. So p { xo. Similarly p { yo by equation (2). If p|zo, then we have p3|z3 + y3 thus
plzd +y3. Since p f yo, we have p|223 + 3 by equation (1). So p|z3. However, we already showed that p { .
Thus pt z9. So p 1 xoyozo-

Suppose that p™ | A, but p"™! { A. Then we have: p"|2z3 + y3 and p"|z3 — y3 by equations (1) and (3).
So p™|3x3. Since p" f zg, we have p"|3, so p =3 and n = 0 or n = 1. Therefore A =1 or A = 3.

To show that there are infinitely many solutions, we want to show that |z1| > |29|. Then we can create
a sequence by duplication with infinitely distinct elements in E2(Q).

Since xg,yo # 0 and xg # tyo:

bl g = Lo

- (20 = w0l
A A

|$0 —y0|
1A ol ———-

|20 + 90)” + 3y5] > 20| ——

|z1] = w0 — yollzg + zoyo + ¥5| = |20

0~ Y%
If A =1, we have |21]| > |20| since |zg — yo| > 1. If A =3, we have 3|z} — y3 so 23 =y mod 3. This gives
us zg = yo mod 3 by Fermat, so |xg — yo| > 3. Hence we have |z1| > |zo].

Consider the sequence {P;}3°, = {2°P}°, C E,(Q) with P, = (z; : y; : 2;) in pairwise coprime integers.
Then does not contain some point twice, since |z;| < |z;| for any i < j. Therefore, F, (Q) contains infinitely
many elements and thus E2(Q) does too. O

Corollary 3.2. E,(Q) is torsion-free for n > 3: for all P € E5(Q) and all m € Z>o we have mP # O.
Moreover, for P € E2(Q) we have h(P) = 0 if and only if P = O.

Proof. Let P € E2(Q) be given. Suppose that kP = O for some k € Z>2 but mP # O for all 1 <m < k.
Let p be a prime dividing k such that k = p - a for some a € Z. Let Q = aP, so pQ = O and Q # O. Then
we have m@Q = (m mod p)@ for all m € Z. Note that 2 =2 mod p by Fermat. Hence we have 2PQ = 2Q).
However the proof of Theorem 3.1 showed us that for any Q € E2(Q) and any m € Z we have 2™Q # 2Q).
So we have contradiction. Thus for all P € E7(Q) and all k € Z>5 we have kP # O and therefore E, (Q) is
torsion-free.
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Let Py = (zo : yo : 20) € E2(Q) with coprime integers g, yo, 20. Suppose that h(PO) = 0. Defining
Py = (x5 yp 2 21) := 28Ry for k € Z>1 with coprime integers xy, yx, 2k, we have h(Pk) =0 forall k € Z>;
by Theorem 2. 16 By Remark 2.17, we know that h(P;) < log(4n) and hence log(|z1|s) < log(4n) for all
k € Z>1. From the proof of Theorem 3.1 we have a strictly increasing sequence 0 < |z| < |z1| < |22| <.
in integers. This contradicts the fact that log(|zx|eo) < log(4n) for all k € Z>1. Thus h(Py) # 0. D

Remark 3.3. From the proof of Theorem 3.1 we know that for any integer solution (z : y : 1) € E,(Q)
with n > 3 there is no point P € E,,(Q) such that 2P = (z : y : 1).

Theorem 3.4. If E2(Q) has infinitely many elements, then EF(Q) has also infinitely many elements.

Proof. Assume that £, (Q) has only a finite number of elements. We consider for any field K C R over Q
the set I, (K) = {(x,y) € Eg(K)|z < 0}. By the symmetry of E2(Q) in z =y, F,,(Q) has infinitely many
elements.

We define the duplication map on F,,(R) by ¢, : F,,(R) — E2(R) : P — 2P. Note that 1), is continuous.

Let P = (z,y) € F,(R). Then we have 1, (P) = 2P = (_y2;3+y‘3 xZ +2y3 ) from Theorem 1.6. Note that

z3—y3 1 L3

x4y >0,s0 2% +2y% > 3% > 0, thus x(2® + 2y3) < 0. Moreover, 2® — y* < 0, so % +2y > 0. Therefore,
for all P = (x,y) € F,,(R), we have ¢, (P) = («/,y) with ¢/ > 0.

Let P = (zp,yp),Q = (zq,yq) € F.(R) be given with g < zp < 0 and suppose that ¢, (P) = ¢, (Q)
but P # Q. Consider the tangent lines TpE; : y = apx +bp and ToEy, : y = agx + bg. Note that F,(R) is
convex, so ag < ap. On the other hand, we know that the tangent lines Tp E;, and TgFE;, intersect in a point
(z,y) € E2(R). Note that x > 0 and y < yp < yg. Since F,(R) is convex, we have ap < aq. Therefore
ap = ag and hence P = (). This gives us a contradiction. Thus 1), is injective.

By the convexity of F),(R), we know that for any P = (zp,yp),Q = (2Q,yg) € Fn(R) with zg < zp we
have n(P) = (2, y/p) a0d G(Q) = (&, yb) with o < .

Consider Sp = (0, ¢/n) € E2(R) and S1 = (x1,11) € F,(R) such that ,,(S1) = Sp. Note that Sy is
well-defined since 1, is injective. Now we consider FO(K) := {(z,y) € E2(K)|z1 < x < 0}.

We want to show that F2(Q) cannot be the empty set. Therefore we construct the sequence {S;}5°, C
F,(R) with S; = (z;,y;) such that for all ¢ € Z>1 we have 1,,(S;) = 25; = S;_1. Hence z; > z; for i < j, so
the sequence is monotone and therefore {z;}$°, converges in R U {£o0}. Let So be the convergence point.
Then we have 25, = Soo. Thus Soo = O.

Defining F! (K) := {(x,y) € EX(K)|ziy1 < x < x;}, we have F,,(K) = ;2 F(K). Moreover we have
that for any P = (x,y) € F!(K) with 2P = (2/,%') that 2; < 2/ < x;_1. So we have ¥, (F.(K)) C F:7}(K)
for all i > 1. Suppose that F°(Q) = (). Then we have F(Q) = @ for all i > 0. Hence F,,(Q) = (. However,
F,,(Q) contains infinitely many elements, so this gives contradiction. Thus F2(Q) # 0.

Suppose that F2(Q) contains infinitely many elements. Note that 1, (F2(Q)) C E;}(Q). Thus E;(Q)
contains infinitely many elements, since 1), is injective. This is contradiction with our assumption.

Thus F2(Q) contains only finitely many elements. Then there is a point T = (x7,yr) € F2(Q) such
that for all (z,y) € F,(Q) we have z < 27 < 0. Since T € F?(Q), we have T ® T = 2T € E;(Q).

Consider the map ¢,, : Fj,(K) = E;(K) : P+— P @&T. Suppose that there are P # @ € F,,(R) such that
dn(P) = ¢pn(Q). Then POT =Q@T,s0 PoT = QoT and thus P, Q, T and PoT are collinear. Therefore
P = Q. Thus ¢, is injective.

By the convexity of F,,(R), we know that for any P = (zp,yp),Q = (20, yg) € F,(R) with zg < zp
we have the lines Lpr : y = apx + bp and Lgr : y = agx + bg through respectively P and T and @
and T with ag < ap. Therefore, we have ¢,(P) = (2p,yp) and ¢,(Q) = (v, yg) with x, < 2 and
Yo > yp- Thus for any P = (z,y) € F,(Q), we have ¢, (P) = (2/,y) with ¢’ > 0 and 2’ > z7. So 2’ > 0.
Hence ¢, (P) € E;}(Q). Thus E;f(Q) contains infinitely many elements. This is in contradiction with our
assumption. Thus EF(Q) contains infinitely many solutions. O

Remark 3.5. In fact we can prove a much stronger statement if E7 (Q) is not empty for some n > 3. Then
E,(Q) with the topology induced from P?(R) is dense in E,(R) as a topological space. To prove this we
need some more advanced tools.
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First we note that E, (R) is a 1-dimensional Lie group: a smooth real 1-dimensional manifold where the
map @ : E,(R) x E,(R) — E,(R) and the inversion map E,(R) — E,(R) : P — —P are smooth. Moreover,
E,(R) is also connected, abelian and compact, since P?(R) is compact. Then we can apply the following
theorem.

Theorem 3.6. A Lie group G which is compact, connected, abelian and of dimension 1 is isomorphic to S'.

This is a well-known classification theorem, but for more details one may be referred to chapter 5 from
[4]. Note that S' is a compact, connected, abelian Lie group of dimension 1. In this theorem G and S!
are isomorphic as Lie groups. That holds that there is a diffeomorphism ¢ : G — S!: a smooth group
isomorphism such that ¢! is smooth too.

So E,(R) is isomorphic to the unit circle S*. By Theorem 3.1 we hence know that the subgroup E, (Q) C
E,(R) is isomorphic to an infinite subgroup S C S*. Note that a subgroup of S! is either the group ju of
k-th roots of unity or dense in S'. Since #pur < oo, S is dense in S'. Therefore, E,(Q) is also dense in
E,.(R).

3.2 Generators of E,(Q)

Now we will look how E,,(Q) is generated. We can prove the following theorem:
Theorem 3.7 (Mordell-Weil Theorem). The group E,(Q) is finitely generated.

We will prove this except for the Weak Mordell-Weil Theorem, which we will assume in the proof. In
this proof we will use both the group structure of @ and the Néron-Tate Height h defined in Theorem 2.16.

Theorem 3.8 (Weak Mordell-Weil Theorem). The quotient E,(Q)/2E,(Q) is a finite group.

The Weak Mordell-Weil Theorem will not be proved here, but the proof can be found in §VIIL.1 (p. 208 —
214) from [5]. Before we can prove the Mordell-Weil Theorem, we need to prove a lemma about the sets

H(c) = {P € E,.(Q) ‘B(P) < c} for c € R.
Lemma 3.9. For all c € R, H(c) is finite.

Proof. Note that H(c) =0 for ¢ < 0 and H(0) = {O}, because F,(Q) is torsion-free by Corollary 3.2 and
h is quadratic by Theorem 2.16.
By Remark 2.17 we know that for all ¢ € R we have

H(e) = {P € B (@) [l(P) < ¢} € {P € Eo(Q) [R(P) < ¢+ log(4n)}

So H(c) is finite for all ¢ € Ry if H'(c) := {P € E,(Q) |h(P) < ¢} is finite for all ¢ € Rs.
Notice that h(O) =0, so O € H'(c) for all ¢ € Rs¢. Recall from Definition 2.9 that for all P = (z,y) €
E?2(Q) we have h(P) := h(Q(P):1) = h(1: 2 +y). Consider for all u € R the sets

o= {(z,y) € Q*Qz,y) =z +y=u} C {(z:y:2) €P*(Q)z +y = uz} = L.
Then we have:
O(u) :=={P € E;(Q)UP) = u} = E;(Q) N1y C E,(Q) N Ly.

Since E,(Q) is a cubic and L, is a line and L, ¢ E,(Q), because E,(Q) is an irreducible cubic, this
intersection can contain at most 3 distinct elements. Therefore we have #0(u) < oo for all u € Q. Note
that for u € R\ Q we have O(u) = 0.

Now we need to show that {P € P}(Q)|h(P) < c} is finite for all ¢ € R+q. From Remark 2.3, we can write
any P € P1(Q) as P = (z : y) with x,y coprime integers. Moreover, we have h(P) = log(max(|Z|s, [¥]s0))-
So if h(P) < ¢, this gives us max(|z|oo, [y]oo) < €¢ and hence —e® < x,y < €. Hence #{P € P1(Q)|h(P) <
c} < (2e° +1)? < o

Therefore #H'(c) < oo for all ¢ € Rsg. Thus H(c) is finite for all ¢ € R. O
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Proof. (Theorem 3.8 implies Theorem 3.7) We define for all P € E,(Q) the euclidean norm |P| := y/h(P)
and we have inner product (P, Q) := %(E(P ® Q) — h(P) — h(Q)) since h is a quadratic form by Theorem
2.16. Then the Cauchy-Schwarz Inequality |(P, Q)| < /(P, P)(Q, Q) gives us |h(P & Q) — h(P) — h(Q)| <

24/ h(P)h(Q). Hence we have |P & Q| < |P| + |Q| for all P,Q € E,(Q). We also have [mP| = m|P| for all
P e E,(Q) and m € Z>1.

Since we assume the Weak Mordell-Weil Theorem 3.8, we have a finite set S C E, (Q) of representations
of E,(Q) modulo 2E,,(Q). Then we take C' := maxpeg h(P) and consider H(C).

Let Py € E,(Q) be such that Py ¢ H(C). Then we can write Py = Q1 ® 2P; for some @y € S and
P, € E,(Q)\ S. Iterating this process gives a sequence {Px} and Qy € S with Py = Qg+1 ® 2Px+1. Notice
that for any k € Z>, we have:

|P| =

P, — P P C
| Pr—1 Qk|§| k 1|+|Qk|§| k 1|2+\F<|Pk_1|.

2 2

Furthermore, P, € H(h(P)). Since H(h(P)) is finite by Lemma 3.9, there is some m € Zx>; such that
P,, € H(C). Therefore we have Py = @, Qr ® 2™P,,. Hence H(C) generates E,(Q). Thus E,(Q) is
finitely generated since H(C) is finite by Lemma 3.9. O

3.3 Applying the theory to the problem

Now we apply the acquired knowledge to the original problem. From the Mordell-Weil Theorem 3.7 we know
that E,(Q) is finitely generated. So if we are looking for the solution (z,y) € E2(Q) with the smallest height
iL, this has to be a generator because h is quadratic by Theorem 2.16. However we also require that this
solution has positive coordinates: i.e. (z,y) € E;} (Q). Then we look for a multiple of a generator in E(Q).
Although this may seem easy, the number of generators is still unknown.

In Example 1, we have n = 17. By trial-and-error, we can find the point P = (18 : —1: 7) € E17(Q),
which is the element in E17(Q) with the smallest positive z-coordinate. Therefore it has to be a generator.
Then we have 2P = (11663 : 104940 : 40831) € E;-(Q). This gives us the same solution as Dudeney:

(11663 104940
177\ 408317 40831 )

In Example 2 we have n = 9 and the initial solutions (2,1) and (1,2) or in homogeneous coordinates
(2:1:1)and (1:2:1). Therefore, one of them has to be a generator of Eg(Q) by Remark 3.3. To find
another solution in £, (Q), we list the multiples of P = (2:1:1).

P = (2:1:1) 4P = (—36520: 188479 : 90391)
2P = (=17:20:7) 5P = (169748279 : —152542262 : 53023559)
3P = (919:-271:438) 6P = (415280564497 : 676702467503 : 348671682660)

This gives us the same solution as Dudeney:

Qo = 415280564497 676702467503
97 \ 348671682660 348671682660 ) °

Notice that we can verify that some solution @,, € E;"(Q) has the smallest Néron-Tate Height (except
for some initial solutions) by checking that

{P € EJ(Q)h(P) < h(Qn)} C {P € Ef(Q)|A(P) < h(Qn) + 2log(4n)}

are empty or contained in the set of initial solutions.

In fact, n = 9 and n = 17 are both cases where F,,(Q) is generated by one element. However, there are
also a lot of cases where E,(Q) is the trivial group {O}, for example n = 3, n = 4 and n = 5. The cases
where E,,(Q) is generated by two or more elements are rarer. For example F19(Q) has generators (3 : —2: 1)
and (5:3:2).
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