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Abstract — We prove inequalities relating the Taguchi heights, respectively the graded heights, of
four Drinfeld modules arranged in a “parallelogram of isogenies”. This inequality is the analogue for
Drinfeld modules of the parallelogram inequality of Rémond [Rém?22] for abelian varieties over number
fields and of Griffon-Le Fourn—Pazuki [GL.P25] for abelian varieties over function fields.
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Introduction

Fix a finite field Fy, and let Ky = Fy(T") denote the rational function field over F,. In this article,
we consider Drinfeld Fy[T]-modules ¢ defined over a finite field extension K of Ky. There are several
notions of heights attached to these objects: we focus on the graded height hg, k() and the Taguchi
height hmag k(). We give precise definitions of these two heights in section 4 below. This choice is
motivated by the growing relevance of these two heights in Diophantine problems related to Drinfeld
modules. See, for instance, [Wei20] where Wei gives a formula “a la Colmez” for the stable Taguchi
height of a CM Drinfeld module over K. Moreover, in a recent paper [BPR21] Breuer, Pazuki, and
Razafinjatovo gave bounds on the variation of the graded height by isogeny in this context.

Let ¢ be a Drinfeld module of rank r > 1 defined over K. To any isogeny f : ¢ — ¢ of Drinfeld
modules, one associates a finite dimensional F,-vector space ker(f) C K called the kernel of f. We
can then think of the target Drinfeld module ¢’ as “the quotient” ¢/ ker(f). We let SGx (¢) denote the
set of all kernels of isogenies f : ¢ — ¢’ between ¢ and other Drinfeld modules ¢ defined over K. We
refer to section 1.2 for precise definitions. With this notation at hand, we can state our main result:

Theorem A. Let K be a finite extension of Ko =F,(T). Let ¢ : A — K{7} be a Drinfeld module of
rank r > 1 defined over K, and let G, H € SGg (¢).

(1) We have
harx (9/(G N H)) + hari (8/(G+ H)) < harx(¢/G) + harx (¢/H).
(2) If ¢ has stable reduction at all finite places of K, then

hrag, K (¢/(G N H)) + NTag, Kk (¢/(G + H)) < hTag,K(ﬁb/G) + hTagyK(Cf)/H)-

These two relations are called “parallelogram inequalities” because of the shape of the diagram of
isogenous Drinfeld modules that one constructs from the data ¢, G, H of the theorem:
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Arrows in this picture represent isogenies of Drinfeld modules. We underline the fact that Theorem A
involves no extraneous terms (e.g. a dependence on the size of G, H), contrary to the bounds given
in [BPR21] on the variation these heights in isogeny classes.

It is also interesting to note the perfect similarity between Theorem A and a very recent result of
[GLP25] in the context of abelian varieties defined over K:

Theorem (Theorem 7.1 in [GLP25]). Let B be a semi-stable abelian variety defined over K. For any
finite subgroup schemes G, H of B, we have

hdiﬁ‘(B/(G N H)) + hdjﬂ‘(B/(G + H)) < hdjﬂ‘(B/G) + hdiff(B/H),
where hqig () denotes the differential height over K.

This result was itself inspired by the parallelogram inequality of Rémond (Théoréme 1.1 in [Rém22])
in the setting of abelian varieties over a number field, where the role of the differential height is played
by the Faltings height. The proofs of the respective parallelogram inequalities in these three contexts
are based on different strategies. With Theorem A, the classical Diophantine triptych “abelian varieties
over number fields” — “abelian varieties over function fields” — “Drinfeld modules” is thus complete as
regards the parallelogram inequality.

Both the graded and the Taguchi heights are defined as sums over places v of K of local con-
tributions Ay x(+). Theorem A is actually a consequence of parallelogram inequalities for these local
contributions. Specifically, we prove the following result.

Theorem B. Let ¢ : A — K{7} be a Drinfeld module of rank r > 1 defined over K, and let
G,H € SGg(¢). Let v be a place of K, and let x € {Tag, Gr}. If v is finite and x = Tag, we assume
that ¢ has stable reduction at v. Then

vk (@/(GNH)) +hy g (6/(G+ H)) < hY i (¢/G) + hy g (o/H). (<)

In case x = Gr, we prove (<) for an arbitrary place v in Theorem 5.3. The latter is mainly based
on a relation (Theorem 3.3), proved in section 3, between valuation polygons of polynomials with
coefficients in a valued field. For x = Tag, inequality (<) is proved in Corollary 5.4 for finite v, and
in Theorem 5.2 if v is infinite. For x = Tag and v infinite, it is worth noting that inequality (<) is
actually an equality. The key technical result (Theorem 2.6) in this case, which we prove in section 2,
is a relation between covolumes of A-lattices. In the process of obtaining our main results, we also re-
prove a general statement of independent interest, to the effect that isogenies preserve stable reduction
at a place (Proposition 5.1).

We close this introduction by spelling out a concrete special case of Theorem A for Drinfeld
modules of rank 2. One classically associates to a Drinfeld module ¢ : A — Ko{7} of rank 2 defined
over Koy = Fy(T) its j-invariant j(¢) € Fy(T'). The modular height of ¢ is then the degree of j(¢) as
a rational function in 7. In the context of elliptic curves, Vélu’s formulas (see [V¢l71]) give explicit
relations between the j-invariants of isogenous elliptic curves in terms of points in the kernel of the
isogeny. In contrast, there seems to be no analogous formulas in the Drinfeld setting. Nonetheless,
our Theorem A imposes a weak relation between the j-invariants of Drinfeld modules of rank 2 in an
isogeny parallelogram (see section 5.6):

Corollary C. Let ¢ be a Drinfeld module of rank 2 defined over Fy(T) and G, H € SGx(¢p). Then
degj(¢/(G'N H)) + degj(¢/(G + H)) < degj(¢/G) + deg j(¢/H).

General notation — We fix a finite field F, with cardinality ¢g. We write A := F,[T] for the ring of
polynomials with coefficients in F,, and Ky := Fy(T') for the fraction field of A. We let K denote a
finite field extension of Ky i.e., K is a function field containing F,.

For any such field K, we let Mg denote the set of places of K. Each place v € Mg corresponds
to a non-archimedean valuation ord, : K — Z U {occ}.



The field Ky has a distinguished place, denoted by oo, which is characterized by the fact that
orde(a) = deg(a) for any a € A. The other places of K are called finite places: each finite place
of Ky corresponds to a monic irreducible polynomial P € A and, for any a € A, ord,(a) is the
multiplicity of P as a divisor of a.

A place v € M is called infinite if v extends the place oo € M, , and v is called finite otherwise.
We let M7 (resp. M I];) denote the set of infinite (resp. finite) places of K. If a place v € Mg extends
a place w € M,, we normalize ord, so that ord,(K*) = Z. For any place v € Mg, we write K, for
the completion of K at v. To any place v € Mg lying above a place w € Mp,, we then associate
its ramification index e,, its residual degree f,, and its local degree n, = [K, : Ky,]. Recall that
Ny = €y fu, see for instance Proposition 1.2.11 in [BGOG]. Our choices of normalization are consistent
with those in [Pap23, Gos12, DD99], but differ from those in [BPR21].

1. Isogenies between Drinfeld modules

1.1. Arithmetic of twisted polynomial rings. — Let F' be a field containing F,, and let F*™P
denote the separable closure of F' in a chosen algebraic closure F of F. We gather various useful facts
about the ring F{7} of twisted polynomials in 7: addition in F'{7} is the usual addition of polynomials
and multiplication is given by

(Z g ) | (;gﬁ ) > (;k fi g;f) .

The map that sends 7 to Frob, :  — 27 induces a [F4-algebra isomorphism between F'{r} and the
[F4-algebra (endowed with composition) of endomorphisms of the additive group scheme G,  over F'.
A polynomial f € F{r} will be called normalized if its constant coefficient is 1.

For any f = for' + fit+ -+ fa7@ € K{7}, we let

f@)=for+ frat+ -+ f2? € Fla].

The map = — f(x) is the Fy-linear endomorphism of G, r associated to f. The derivative (with respect
to z) of f(x) is the constant polynomial fy. When fy # 0, the polynomial f(x) is thus separable, i.e.,
has distinct roots in F' (see [Pap23, p. 137]). It is, in particular, the case if f is normalized.

Definition 1.1. For any non-zero separable polynomial f € F{r}, we define the kernel of f to be
the set of roots in F' of the corresponding polynomial f(x) € F|z]:

ker(f) = {ﬁ cF|f(B) = o} cF.

Since x +— f(x) is a Fy-linear map, ker(f) is a finite dimensional Fg-vector space. Note that
ker(f)| = deg, f(z) = ¢~/ and therefore dimp, ker(f) = deg, f. Conversely:

Lemma 1.2. Let G be a finite dimensional Fy-vector space contained in F*P, which is stable under the
action of Gal(F*P/F). Then there is a unique normalized polynomial f € F{r} such that ker(f) = G.

Proof. Given G as in the statement and a non-zero constant ¢ € F*, we let

faclz) =c H (x — o) € F*Plx].
acCG

Since G C F*P is (globally) stable under the action of Gal(F#*®/F), the polynomial fg.(x) has
coefficients in F'. The fact that G is a Fs-vector space allows to show that fg .(z) € F[z] is Fg-linear
i.e., that foo(z +ay) = fac(®) + a fae(y) for any 2,y € F and a € F, (see the proof of [Pap23,
Proposition 3.3.11]). Hence fg (x) comes from a non-zero element fg . € F{7}.

It is clear that any separable polynomial f € F{r} with kernel G is of the form fg . for some
¢ € F*. There is exactly one choice of ¢ € F* such that fg . has constant coefficient 1, namely

¢ = geaqoy (=8 0



Let d, f € F{r}. One says that d divides f (on the right) if there exists g € F{7} such that
f =g -d. Equivalently, d divides f if and only if f belongs to the left-ideal F{r} - d.

A classical argument shows that the ring F'{7} admits a right-division algorithm (see [Pap23,
Theorem 3.1.3] or [Gos12, Proposition 1.6.2], for instance), which immediately implies that any left-
ideal in F'{7} is principal.

Lemma 1.3. Let d,f € F{r} ~ {0} be separable polynomials. Then d divides f if and only if
ker(d) C ker(f).

Proof. Tt is clear that ker(d) C ker(f) if d divides f. Assume conversely that ker(d) C ker(f). By the
right-division algorithm in F'{7}, there exists a unique pair g, € F{7} such that f = g-d + r and
degr < degd or r = 0. Since r(8) = f(5) —g(d(B)) = 0 for all 5 € ker(d), the polynomial r(z) € Fz]
has at least |ker(d)| roots in F. Since d is separable, |ker(d)| = ¢4°- <. Having this many roots forces
r(z) to be 0. O

Given two non-zero polynomials f,g € F{7}, it makes sense to define their (right)-GCD as the
unique normalized generator of the ideal F{r}- f + F{r} - g, and their (right)-LCM as the unique
normalized generator of the ideal F{r} - f N F{7r} - g. Note that our terminology is non-standard,
[Gos12, §1.6] requires that the GCD be monic instead.

Lemma 1.4. Let f,g € F{7} be non-zero separable polynomials. Write d € F{r} for their GCD and
¢ € F{t} for their LCM. Then

ker(d) = ker(f) N ker(g) and ker(¢) = ker(f) + ker(g).

Proof. This follows from the definitions of GCD and LCM as well as the previous lemma. One can
indeed rephrase the definition of the LCM as “the LCM of f and g is the unique normalized polynomial
¢ of smallest degree such that ker(¢) contains both ker(f) and ker(g)”. A similar reformulation can be
done for the GCD. O

1.2. Drinfeld modules and isogenies. — Let F' be a field extension of Ky. The field F' is then
equipped with a (trivial) A-module structure via the inclusion A «— Ky < F. In the terminology of
[Pap23, §3.2], F' is an A-field of A-characteristic 0.

We recall the definition of a Drinfeld module in this context:

Definition 1.5. A Drinfeld module of rank r > 1 defined over F' is a F4-algebra homomorphism
¢:A— F{t}, a — ¢, such that for each a € A,

o the constant coefficient of ¢, € F{r}isa€ ACF,
o and deg, ¢, = degpa.

A Drinfeld module ¢ is entirely determined by the data ¢r € F{r} because the F, -algebra
A =T,[T] is generated by T. We refer to [Ros02, Chap. 12], [Gos12, Chap. 4] or [Pap23, Chap. 3] for
more details about the basics of the arithmetic theory of Drinfeld modules.

Definition 1.6. Given two Drinfeld modules ¢, defined over F', a morphism from ¢ to v is a
polynomial f € F{r} such that
[ ba =1, f forall a € A. (1.1)

Such a morphism will be denoted by f : ¢ — 1. A morphism is called an isogeny if it is non-zero. We
say that an isogeny is normalized if its constant coefficient is 1.
If there exists an isogeny between two Drinfeld modules, they will be called isogenous.

Since A is generated by T as a F,-algebra and since ¢, are [F;-algebra morphisms, the “commu-
tation” condition (1.1) is equivalent to simply requiring that f - ¢p = ¢ - f.

If there exists an isogeny f : ¢ — ¥, then ¢ and @ have the same rank (see [Pap23, Proposi-
tion 3.3.4(1)]). Moreover, in this case there exists a (non unique) dual isogeny f : ¢ — ¢ (see [Pap23,
Proposition 3.3.12]). Therefore, “being isogenous” is an equivalence relation on the set of Drinfeld



modules of rank r defined over F'. Note that an isogeny f : ¢ — 1 is an isomorphism if and only if
deg, (f) =0, see [Pap23, §3.8].

Let f : ¢ — 1 be an isogeny of Drinfeld modules over F. Proposition 3.3.4(3) in [Pap23] implies
that f is automatically separable i.e., f(x) has distinct roots in F. We define, as we may, the kernel
ker(f) of f as the set of zeroes of f(x) € F[x] in some algebraic closure over F' (see Definition 1.1):

ker(f) = {f € F| /() =0} CT.

Actually, since f(x) is separable, we have ker(f) C F*°P. Then ker(f) is a finite dimensional [F,-vector
space contained in F*°P, with dimp, ker(f) = deg,(f). Furthermore, notice that ker(f) is stable under
the action of ¢, for all a € A: indeed, for any 5 € ker(f) and any a € A, we have

F(@a(B)) = (f - ¢a)(B) = (a - [)(B) = ¢a(f(B)) = ¥a(0) = 0.

Since f € F{r}, the Galois action of Gal(F*P/F") on F*°P stabilizes ker(f).
This motivates the following definition:

Definition 1.7. Let ¢ be a Drinfeld module over F'. Let SGr(¢) denote the set of finite dimensional
[F-vector spaces G, contained in F*°P, which are both stable under the action of Gal(F*P/F) and
stable under the action of ¢, for all a € A (i.e., ¢po(z) € G for all z € G).

Note that, for any G1, G2 € SGr(¢), both G; N G2 and G + Gy are elements of SGr(¢).
Proposition 1.8. Let ¢ be a Drinfeld module defined over F.
(i) Let f : ¢ — 1 be an isogeny from ¢ to a Drinfeld module 1y defined over F'. Then ker(f) € SGp(¢).

(ii) For any G € SGp(¢), there is a unique Drinfeld module ¢/G defined over F and a unique
normalized isogeny fa : ¢ — ¢/G such that ker(fg) = G.

For a given Drinfeld module ¢, the elements G € SGp(¢) therefore play a rdle similar to that of
finite subgroup schemes of an abelian variety over F, in that they are both kernels of isogenies in their
respective setting.

Proof. The first item follows from the above discussion, we only need to prove the second item. Given
an element G € SGr(¢) and a non-zero constant ¢ € F'*, we may define a polynomial fg. € F{r} as
in the proof of Lemma 1.2.

Consider the polynomial w = fg .- ¢r € F{r}. For any o € G, we have ¢r(a) € G since we
have assumed that G is stable under the action of ¢7. Then w(a) = fg(¢r(a)) = 0. In particular
G = ker(fg,) C ker(w). The link between kernels and divisibility in F{7} (Lemma 1.3) implies
that there exists a unique g. € F{7} such that w = g. - fg,. The constant term of fg . is non-zero,
hence the constant term of g, is T. We may now define a Drinfeld module . : A — F{7} by setting
Y. : T+ g. By construction, we have fg .- ¢r = o1 - fac i.e., fac € F{T} is an isogeny ¢ — 1.

Notice that, for any ¢ € F*, we have fg. = cfg1 and 9. = cy ¢t ~ ;. Therefore, up to
isomorphim, there is a unique pair (¢, f) formed by a Drinfeld module v defined over F' and an
isogeny f : ¢ — 1 with kernel ker(f) = G. Indeed any isogeny f € F{7} with kernel G is of the form
fa,c for some ¢ € F*. Finally, there is one choice of ¢ € F™* such that fg . has constant coefficient 1,
namely ¢ = HﬁeG\{o}(_ﬁ)_l' We set ¢/G = 9. and fg = fg . for this choice of c. O

We also need a factorization property of isogenies:

Proposition 1.9. Let ¢ be a Drinfeld module defined over F. Assume there are isogenies f1: ¢ — ¢
and fo : ¢ — ¢ defined over F such that ker(f1) C ker(fz). Then there exists a unique isogeny
g ¢1 — Pa such that fo = g - f1. Moreover, if f1 and fo are normalized, then so is g.

Proof. By Lemma 1.3, there exists a unique g € F{7} such that fo = ¢g- fi. Using that fi : ¢ — ¢
and fs : ¢ — ¢o are isogenies we derive that, for any a € A,
(9 - P1a—2a-9) - 1=9 O1a-f1—2a-9 - fr1=9 1 -Pr1a— D24 [
= f2 Pa — P20 f2 = 0.
The ring F{7} has no zero-divisors and f; # 0, so we have g - ¢1, = ¢2,-g for alla € A i.e., g is an
isogeny from ¢ to ¢9. That g is normalized if f; and fo are is immediate. O



1.3. Stable reduction of Drinfeld modules. — Let K be a finite field extension of K. Consider
a Drinfeld module ¢ : A — K {7} of rank r > 1 defined over K.

Definition 1.10. For any place v of K, we say that ¢ has stable reduction at v if there exists a
Drinfeld module ®, : A — K{7} defined over K such that:

e ®, is K-isomorphic to ¢, i.e., there exists ¢ € K* such that (®,)r =c ' - ér-c,

e and, writing (®,)r = T + >, ¢; 7° with g; € K, we have min{ord,(g;), 1 <i <r} =0, i.e.,
the coefficients of (®,)7 are integral at v and at least one of them is a unit at v.

We say that ¢ has stable reduction everywhere if it has stable reduction at all finite places of K.

See [Pap23, §6.1] or [Gos12, §4.10] for detailed treatments of this notion. We note one important
result about stable reduction (see [Hay79, Proposition 7.2] or [DD99, Lemme 2.10]):

Theorem 1.11. Let K be a finite extension of Ky, and let ¢ : A — K{1} be a Drinfeld module of
rank r > 1 defined over K. Then there exists a finite extension K'/K such that the “base changed”
Drinfeld module ¢ : A — K'{7} has stable reduction everywhere.

Isogenies of Drinfeld modules preserve stable reduction at a place of K. This is the content of
Proposition 5.1 below (see also Proposition 2.4 in [Tag93]), which we defer to a later point in this
paper because the proof of this statement requires tools developed in section 3.

2. A-lattices and Drinfeld modules

We let Co, denote the completion of an algebraic closure of the completion Ky o, of K at the place oco.
The field Co is equipped with a non-archimedean valuation, extending ords : K§ — Z. We let | - |oo
denote the corresponding normalized absolute value, and we endow C, with the induced topology.

2.1. A-lattices and their isogenies. — We recall the following definition (see [Gos12, Def. 4.1.2] or
[Pap23, Def. 5.2.1)).

Definition 2.1. An A-lattice (or simply a lattice) is a finitely generated A-submodule A of Co,, which
is discrete as a subset of C (7.e., A has finite intersection with any ball in C).
A lattice A is necessarily torsion-free; the rank of A is its rank as a finitely generated A-module.

Let A be an A-lattice of rank r > 1. Since A = [F,[T] is a principal domain and since A C Cq
is discrete, there exist wy,wo,...,w, € Cy such that A = Awy + Awy + -+ - + Aw, and the w; are
K co-linearly independent (see [Pap23, Proposition 5.3.8]).

Definition 2.2. Let A1, Ay C C,, be two A-lattices of the same rank r > 1. A morphism c: A1 — Ag
is an element ¢ € Cy, such that ¢ A; C As. Such a morphism is called an isogeny if ¢ # 0.
If there exists an isogeny between two lattices, they will be called isogenous.

Two lattices A; and Ag are isomorphic if and only if there is a ¢ € Co ~\ {0} such that ¢ A; = As.

For any isogeny ¢ : A; — Ag, the A-lattice ¢ A; has finite index in Ag i.e., the quotient A-module
Ag/c Ay is a finite A-module. Since A = [F,[T] is a principal domain, the structure theorem for torsion
A-modules (see [Lang, III.7, Thm. 7.7]) implies that Ag/cA; is a direct sum of finitely many A-
modules of the form A/a; A (with non-constant a; € A). In particular, the quotient As/c Ay is a finite
dimensional Fg-vector space and thus a finite set: we usually denote its cardinality |As/c A1| (a power
of ¢) as an index (Ag : cAyq).

We refer to Theorem 5.3.10 of [Pap23] for many more details about A-lattices and isogenies of
A-lattices.



2.2. Covolume of A-lattices. — Let A be an A-lattice of rank r > 1. A successive minimum basis
of A is an ordered basis (n1,...,n,) of A as an A-module such that |91|ec > [72|cc =+ > |7r]co, and,
forany k=1,...,r,

|7k |oo = min <{|)\ = 1 G 772"007 (agy1,---,a.) € ATk N e A} N {0}) .

In other words, 7, has minimal absolute value among non-zero elements of A, and each 7 has minimal
absolute value among elements of A \ (Angr1+ -+ An,). See [BPR21, §4.1] or [Pap23, §5.5].

By the discussion in [Pap23, §5.5], any A-lattice A of positive rank admits a successive minimum
basis; such a basis is not necessarily unique, but the tuple (|71]co;- - -, |7r|oo) is an invariant of A. We
then define the covolume of A by

D(A) = ‘7]1|oo |772|oo T |77r|ooa (2.1)

for any successive minimum basis (11, ...,n,) of A. By the previous paragraph, D(A) is well-defined
i.e., independent of the choice of a successive minimum basis of A.
It will be relevant for us that the covolume interacts well with isogenies of A-lattices:

Lemma 2.3. Let ¢ € CX_ be an isogeny ¢ : A — A’ between two A-lattices A, A" of rank r > 1. Then
we have

D(A") = ||y (A" : ¢ A) D(A).
In particular, if A and A’ are two A-lattices of rank r > 1 such that A C A’, then

D(N) = (A A) D(A).

Proof. This follows directly from Lemma 4.1 in [BPR21]. O

2.3. Drinfeld modules and lattices. — We now recall the link between the theory of A-lattices and
that of Drinfeld modules over Cg..

Theorem 2.4. For any r > 1, there is an equivalence of categories between

(a) the category whose objects are the Drinfeld modules ¢ : A — Coo{7} of rank r defined over Co,
and whose morphisms are the morphisms of Drinfeld modules as in Definition 1.0,

(b) the category whose objects are A-lattices A C Co of rank r, and whose morphisms are the
morphisms of lattices as in Definition 2.1.

This is Theorem 4.6.9 in [Gos12]. The correspondence can be made more explicit by using the
exponential function, as we now briefly explain. To any A-lattice A C C,, one associates a surjective
A-periodic entire function ey : Coo — C defined by a convergent product

Vz € Cxo, er(z) =z H, (l—j\> ,

AEA

where [[' means that the product is taken over all non-zero elements of A. We refer to [Gos12, §4.2]
or [Pap23, §5.1] for details. For any a € A, let

62) =~ enlacy ! (@),

where e} '(z) denotes an element z € Co such that ex(z) = . One shows that ¢/ (z) is actually a
F,-linear polynomial in C[z], hence comes from an element ¢? € Coo{7}. One then proves that the
map, ¢" : A = Coo{7} given by a — ¢ defines a Drinfeld module of rank r. The next step is to show
that any Drinfeld module of rank r over C arises in this way. We refer to [Gos12, §4.3] or [Pap23,
§5.2] for more details and proofs.



On the level of morphisms, the correspondence is given as follows. Let ¢, 1) be two Drinfeld modules
defined over C. Write Ay, Ay for the A-lattices associated to ¢ and ¢ by the previous paragraph.
Then the map

{morphisms of Drinfeld modules ¢ — ¢} — {morphisms of A-lattices Ay — Ay}
feCuir} — constant coefficient of f

is the desired bijection. The reader is invited to consult [Gos12, §4.6] or [Pap23, §5.2] for more details.
For later use, we record the following result, which is essentially Theorem 5.2.10 in [Pap23]:

Proposition 2.5. Let f : ¢ — 1 be an isogeny of Drinfeld modules defined over Co,. Write fo € Cop
for the constant coefficient of f. Let Ay and Ay be the A-lattices associated to ¢ and 1) by Theorem 2.4,
respectively. The isogeny c : Ay — Ay of lattices induced by f is ¢ = fo. Moreover, there is an
isomorphism of Fq-vector spaces ker(f) ~ Ay /fo Ag and we have deg, f = log, (Ay : folg).

In particular, a normalized isogeny f : ¢ — 1) induces an inclusion of A-lattices Ay C Ay, and

deg, f = dimp, ker(f) = dimp, Ay/Ag =log, (Ay : Ag).

2.4. A covolume identity. — We now prove the following:

Theorem 2.6. Let A, A1, Ao be three A-lattices of the same rank r > 1 such that A C Ay N Ay. Then
A1 N Ay and A1 + Ay are also A-lattices of rank r. Moreover, we have

log, D(A1 N Az) +log, D(A1 + Ag) = log, D(A1) + log, D(A2). (2.2)

Identity (2.2) may be thought of as a “parallelogram equality” for A-lattices. The data of the
statement indeed naturally gives rise to a diagram of A-lattices where arrows represent inclusions:

AN Ay
A \ Ao
A+ Ay

Proof. Recall that A =F,[T] is a principal domain. As a sub-A-module of the finitely generated free
A-module A; of rank r, AN A5 is also a free A-module of rank < r. On the other hand, the A-module
A of rank r is contained in A; N Ay. The latter must therefore have rank exactly r. In particular,
A1 N Ag has finite index in As. The sum A; + As is a sub-A-module of the free A-module C,, and it
contains the A-module A; of rank r. Hence A1 + A5 is a free finitely generated A-module of rank > r.
The “second isomorphism theorem” for A-modules (see p. 120 in [Lang, §II1.1]) shows that there is
an isomorphism of A-modules

(A1 +A2)/A1 ~ Ag/(Al ﬁAQ). (23)

In particular, the quotient (Ay + A2)/A; is a finite A-module, and A; + Ay has rank equal to r. The
fact that both A; N Ay and Ay + As are discrete subsets of C, follows easily from the discreteness of
A1, As in C4. The first assertion is proved.

Combined with (2.3), the “third isomorphism theorem” for A-modules (loc. cit.) yields A-module
isomorphisms

(A1+A2)/ANA1+A2N AQ AQ/A

~

A1/A o Ay TAINA (AlﬂAQ)/A

In particular, we obtain (A; + Az : A) (A1 N Ag : A) = (Ay : A) (A2 : A). Multiplying on both sides
by D(A)? and using the second identity in Lemma 2.3, we get

D(Al + Ag) D(Al N AQ) = D(Al) D(Ag)

Taking the image by the logarithm log, yields the desired equality. O
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3. Valuation polygons of twisted polynomials

For the duration of this section, we work in the following setting: let I’ be a field containing FFy,
equipped with a discrete non-archimedean valuation v : F' — Z U {oo}, normalized so that v(F*) = Z.
We fix an algebraic closure F of I and choose an extension of v to F', also denoted by v : F — QU{o0o}.

Definitions and basic properties of the objects described in this section can essentially be found in
[Tag9l, §1] and [Tag93, §2]. We thought it worthwhile to rewrite detailed definitions and some of the
proofs in our notation, in order to keep this paper self-contained and clarify some steps.

d
3.1. Valuation polygons. — Let f = Z fitt e F{7} be a non-zero polynomial. For z € R, let
i=0
Vi(2) = min{v(fi) +¢'z, 0 <i < d}. (3.1)

The map thus defined is continuous and (strictly) increasing on R, and V; : R — R is a bijection. By
definition, its graph is concave broken line with finitely many slopes, each of which is an element of
{1,q,...,¢%}. One checks that the abscissae of the break-points are exactly the elements of

& =A{v(p), B € ker(f) ~ {0}} C Q.
We also note another way of characterizing V;:

Lemma 3.1. For all z € F, we have v(f(x)) > Vi(v(z)). Furthermore, for all x € F such that
v(z) ¢ &, we have v(f(x)) = Vi(v(z)).

Proof. The first statement is a direct consequence of the non-archimedean triangle inequality (see
[Pap23, §2.1] for instance). A direct computation shows that

_ v(f5) —v(f) s
For any x € F with v(z) ¢ &, the d + 1 numbers v(f;) + ¢' v(z) = v(f; 29", 0 < i < d, are pairwise
distinct. The second assertion now follows from the first one, and the case of equality in the triangle
inequality. O

The graph of V; is sometimes called the valuation polygon of f, and it is in a sense “dual” to the
Newton polygon of f(z)/x € F[xz], as explained in [Rob85, §2.1-§2.2]. Write the elements of £ in

increasing order: e} < eg < --+ < €5,. It will be convenient for later to rename e,,:
M (f) = max{v(B), B € ker(f) ~ {0} = —min {”(fq)__”l(fo) l<i< d} . (3.2)

It is clear that Vy(2) < z + v(fy) for all z € R. Notice (as in [Tag91, Remark 1.4]) that
MA(f)=min{z e R | V¢(2) =2z+v(fo)}. (3.3)

For any z € R, set
Ng(z) = [{B € ker(f) | v(B) = 2}|.

The map z — N¢(z) is non-increasing, left-continuous and piecewise constant. Since f(z) is a Fg-linear
polynomial and v is non-archimedean, the set {5 € ker(f) | ¥(8) > z} is a finite dimensional F4-vector
space, so that Ny has values in {1,q,. .. ,q%}. By definition, the graph of Ny has jumps at elements of
&y and is constant on each segment (ey, ex41], as well as on (—oo, e1] and on (e,,, +00). For z < ey, it is
clear that Ny(z) = |ker(f)| = ¢?. For z > e, we have Ny(z) = 1 (the only root of f(z) with valuation
larger than ey, is 0). For 1 < k < m and z € (e, ex+1], one readily checks (by an argument similar
to the proof of Theorem 2.5.2 in [Pap23] for instance, see [Rob85, §2.1]) that Vi (2) = v(f;) + Nf(2) 2,



i.e., that the index 7 € {1,...,r} realizing the minimum in V(2) is log, Ny(z). We conclude that the
maps Vy and Ny are related as follows:

v(fa) +q%z if z <eq,
Vi(2) = Sv(fi) + 'z if z € (e, epqa] for 1 <k < m, where i = log, N¢(z),
v(fo) + %z if 2 > em = A (f).
In other words, we have

Lemma 3.2. For any z € R\ &y, the map Vy is differentiable at z, and Vy'(z) = Ny(z).

3.2. An inequality. — We now prove the main result of this section, which relates the valuation
polygons of two polynomials to those of their GCD and LCM.

Theorem 3.3. Let f,g € F{7} be normalized polynomials. Let d and ¢, denote their normalized GCD
and LCM in F{t}, respectively. Then, for all z € R,

Val2) + Vi(2) < Vy(2) + Yy 2).

In the special case d = 1 (i.e., when f and g have trivial GCD in F{7}) this inequality becomes
Vi(z) < Vi(2) + Vy(z) — z for all z € R. Notice indeed that V;(z) = z for all z € R.

Proof. We begin by proving a lemma:
Lemma 3.4. In the context of the theorem, we have
Vz € R, Na(2) Ne(z) > N¢(2) Ng(2)  and  Ng(z) + Ne(z) > Ng(z) + Ng(2).

Proof (of Lemma 3.4). For h € {f,g,d,l}, we write Si(z) == {f € ker(h) | v(B) > z}. Notice that
Sh(z) is a [Fg-vector space contained in ker(h), and that |Sp,(z)| = Nj(2). Recall from Lemma 1.4 that
ker(¢) = ker(f) + ker(g) and ker(d) = ker(f) Nker(g). For a fixed z € R, consider the map

o:8f(z) x Sy(z) = Se(2), (B,8)—B+p.

This defines a Fy-linear map because ker(f) + ker(g) = ker(¢) and, for any £, ' such that v(5) > z,
v(B') > z, we have v(8 + ') > min{v(8), v(8')} > 2. The kernel of o is a diagonally embedded copy
of Sp(2) NSy(2) = S4(z) in Sf(2) x Sy(z). Hence o induces an injective Fy-linear map

(Sf(2) x Sg(2))/Sa(z) — Se(z).

Comparing cardinalities of the domain and codomain of this latter map yields the first inequality.
To prove the second inequality, note that 1 < Ny(z) < Ng(z), Ng(2) < Ny(z) for all z € R; thus

Na(z) Ne(z) = Ny(z) Ny(2)
> (Ny(2) = Na(2))(Ng(2) = Na(2)) + Ny (2) Na(2) + Nyg(2) Na(z) — Na(2)*
> Ny(2) Na(2) + Ng(2) Na(2) — Na(2)*.
The result follows by dividing by Ny(z) > 1. O

Pick zy large enough so that zp > z and so that Vj(z0) = Vi(20) = Vi(20) = Vy(20) = 20
(we may do so because f,g,d,¢ are normalized). For h € {f,g,d, ¢}, recall that V}, is continuous
on R, is differentiable almost everywhere (the exceptional abscissae are the elements of &), and that
Vi/(2) = Np(z) for any 2z € R\ &,. We thus have

Vi(2) = 20 — / N (1) dt.
Using that z < zg, we now deduce from the above lemma that
Vile) + Vile) =220~ [ (Na(t) + Nu(®) dt <220~ [ (N5(0)+ Ny(0)
=220 = Vi(20) + Vi(2) = Vy(20) + Vy(2) = Vi(2) + Vy(2).

The desired inequality is proved. O
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3.3. Two more properties of valuation polygons. — In order to use the results of this section in
the context of Drinfeld modules (see §5.4 below), we require the following two properties (which are
essentially [Tag91, Lemma 1.2] and [Tag93, Lemma 2.3], respectively).

Lemma 3.5. Let f,g € F{7r} be non-zero polynomials. For all z € R, we have
Vig(z) = Vio Vy(2).
Proof. By Lemma 3.1, for almost all z € Q and any = € F with v(z) = z, we have
Vig(2) = Vig @) = v((f - 9)(@)) = v(fg@)) = Vi(ulg(@))) = Vy(Vy(2).

The two maps z — Vy.4(2) and z — V; o V,(2) are continuous on R. We have just noted that they
coincide on a dense subset of R, so they are equal. ]

Proposition 3.6. Let ¢, € F{7} be two polynomials such that v(¢g) = v(1pg) = 0. For any non-zero
polynomial f € F{1} such that f-¢ =1 - f, we have

M) = Vi (Au(9)).

Proof. 1f p € F{7} satisfies v(ypg) = 0, the discussion in §3.1 shows that V,,(2) < z for all z € R, and
A (p) =min{z € R | V,,(2) = z}. In the context of the proposition, let A" = Vj(A,(¢)).

It follows from Lemma 3.5 that Vi = Vyo Vyo fol and therefore V;;(\) = X. The preceding
remark implies that A" > X, (¢). Recall that V}, Vj, and Vj, are strictly increasing bijections, and note
that fol is also strictly increasing. For any z < X/, we thus have

Vip(2) < Vup(X) = Vyo Vg o Vit (X) = Vi(A(9) = X < 2.

This shows that X < A\, (¢0). We conclude that A, (¢)) = X = Vi (A, (¢)). O

4. Heights of Drinfeld modules

We now define two notions of heights for Drinfeld modules defined over a finite extension K of Kj.

4.1. Graded height. — Let ¢ be a Drinfeld F,[T]-module of rank r > 1 defined over K. Then ¢ is
characterized by the twisted polynomial

r=T+qT+gpm + +g¢7 cK{r}, geck, g #0.

Let v be a place of K. We define the local component at v of the graded height by

Gr i (@) = —min {O(I;iv(gli) , 1<i < r} e Q. (4.1)

Let F' denote the completion of K at v, equipped with the (normalized) valuation v = ord,, notice
that hi, k(o) is nothing but the maximal break-point A, (¢r) of the valuation polygon of ¢r € F{r}
defined in (3.2) in the previous section. We will also write Ay (@) for h¢, ; ().

We record the following statement (see [Pap23, Lemma 6.1.5(1)] or [Tag93, p. 301]):

Proposition 4.1. Let ¢ be as above, and v be a place of K. Then ¢ has stable reduction at v if and
only if hiy, i (¢) = Au(@) is an integer.

Proof. A Drinfeld module ¢ : A — K{7} defined over K is isomorphic to ¢ if and only if there exists
c € K* such that ¢ = ¢! - ¢-c. A straightforward computation shows that \,(¢)) = A\, (¢) — ord,(c).
By definition ¢ has stable reduction at v if and only if there exists ¢ € K* such that A\,(c™*-¢-¢c) =0
i.e., such that ord,(c) = A\y(¢). This happens exactly when \,(¢) € ord,(K*) = Z. O
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Note that hg, x(¢) = 0 for all but finitely many places v € M. We can then define the graded

height of ¢ by .
hank(9) = s D fohte (). (4.2)

[K . KQ] vEMK
One shows that, if ¢’ is a Drinfeld module over K which is isomorphic to ¢, then hgy i (¢) = har ik (¢).
We refer to [BPR21, §2.2] for a proof, as well as more details about the graded height.
One can describe the variation of local graded height by isogeny in terms of the valuation polygon
of the isogeny:

Proposition 4.2. Let v be a place of K. Let ¢, be two isogenous Drinfeld modules defined over K.
Let f: ¢ — 1Y be a normalized isogeny. Then

G (V) = hr i (0) = Vi(Au(@)) — Au(0).

Proof. Apply Proposition 3.6 and the previous discussion. O

4.2. Taguchi height. — Let ¢ be a Drinfeld module of rank > 1 defined over K. For an infinite place
v € Mg?, consider the corresponding field inclusion o, : K < K, — C. Let 0,0¢ : A = Coo{7}
denote the “base changed” Drinfeld module. By Theorem 2.4 in section 2.3, one can unequivocally
associate to the Drinfeld module o, o ¢ over C, an A-lattice Ay, C Co. Define the local component
at v of the Taguchi height by

g, (0) = logy (D(Ag ) V") .

For a finite place v € le(, define the local component at v of the Taguchi height to be

b (9) = [P k(9)]

where [-] denotes the ceiling function and h¢, x(¢) is given by (4.1).
We then define the Taguchi height of ¢ in the following manner:

Pragic(6/ K) ::[K}KO] S S M (@) Y bk (0) | (4.3)

veM?, veEM

The sum in (4.3) is actually finite because hfp,, x(¢) = 0 for all but a finite number of places v € M.
This notion of height was introduced by Taguchi in [Tag91, Tag93]. We refer to [Weil7, Definition 4.1],
[Wei20, Definition 5.1], and [BPR21, §4.3] for more in-depth accounts.

The Taguchi height is sometimes also called the differential height: one can indeed also define
hrag,i (@) as the degree of a certain line bundle related to differential forms “on” ¢ (as in [Tag93, §5.3]
or [DDY9, Définition 2.8]). This latter definition draws a clear parallel with the setting of abelian
varieties over K, as studied in [GLP25].

In what follows, we only consider Drinfeld modules ¢ with stable reduction everywhere: in that
case, by Proposition 4.1, one can rewrite (4.3) as

1 —1/r
hmmmzwmgﬁangﬂm@mwﬂ. (4.4)

5. Parallelogram inequalities

In this section, we gather the results in earlier sections to conclude the proofs of our main theorems:
the different cases of Theorem B and, consequently, Theorem A.
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5.1. Stable reduction and isogenies. — In this subsection, we show that isogenies preserve stable
reduction at a place v € M. This statement is a general version of [Tag93, Proposition 2.4].

Proposition 5.1. Let K be a finite extension of Kg, and let ¢, be isogenous Drinfeld module defined
over K. For any place v of K, one has:
¢ has stable reduction at v if only if ¢ has stable reduction at v.

Proof. Being isogenous is an equivalence relation and, in particular, is symmetric (because of the
existence of dual isogenies, [Pap23, Proposition 3.3.12]). It therefore suffices to prove only one of the
implications.

Let f : ¢ — 1 be an isogeny defined over K. Assume that ¢ has stable reduction at v. By
Proposition 4.1 above, 1 has stable reduction at v if and only if hg, k(W) = Xy(¢) is an integer. We
know from Proposition 3.6 that A, (1)) = V§(Ay(¢)), where A, (¢) € Z because ¢ has stable reduction
at v. The definition (see (3.1)) of V; : R — R, and the fact that ord, is normalized by ord,(K*) = Z,
directly imply that V;(Z) C Z. We conclude, as required, that A,(¢) is an integer and, by consequence,
that 1) has stable reduction at v. ]

5.2. Parallelogram configurations. — Let ¢ : A — K{7} be a Drinfeld module of rank r > 1
defined over a finite extension K of Ky, and let G, H € SGx(¢). As was already noted in §1.2, both
G N H and G + H are also elements of SGx (¢). Proposition 1.8 implies the existence and uniqueness
of normalized isogenies in K{7}:

¢ — ¢/G with kernel G, ¢ — ¢/H with kernel H,
¢ — ¢/(GNH) with kernel GN H, and ¢ — ¢/(G+ H) with kernel G + H.

From the inclusions GN H C G,H and G,H C G + H, and from Proposition 1.9, we can write
¢ — ¢/G as the composition ¢ — ¢/(G N H) — ¢/G of two normalized isogenies. Similarly, we can
write ¢ — ¢/H as the composition ¢ — ¢/(G N H) — ¢/H, etc. The situation is best summarized
by the following commutative diagram in which arrows represent normalized isogenies:

¢

(5.1)
— o/H
\\\\\2ﬂ f/////

¢/G
G+ H
This leads to a parallelogram of normalized isogenies:

¢/(GNH)

¢/(G + H)

In this parallelogram, note that ker(f) Nker(g) is trivial: this follows from Lemma 1.4 because the
isogeny ¢ — ¢/(G N H) in diagram (5.1) is the GCD in K{7} of ¢ — ¢/G and ¢ — ¢/H. Thus, the
GCD of f and g in K{7} is 1, and their LCM in K{7} is the isogeny ¢: ¢/(GNH) — ¢/(G + H).
If v is a place of K and if ¢ has stable reduction at v, Proposition 5.1 ensures that the five Drinfeld
modules appearing in diagram (5.1), which are all isogenous to ¢, also have stable reduction at v.
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5.3. Taguchi height at infinite places. — In this section, we prove:

Theorem 5.2. Let ¢ be a Drinfeld module defined over K, and let G, H € SGx(¢). For any infinite
place v € Mg? of K, we have

Wrag 1 (@/(G NV H)) + hg 1 (9/(G + H)) = Pug 1 (9/G) + Wpag 1 (¢/ H). (5:2)

Proof. Let v be an infinite place of K and o, : K — K, — C, be the corresponding inclusion of
fields. We “base change” all the Drinfeld modules (defined over K) involved in diagram (5.1) into
Drinfeld modules over C, via o,. We still denote them by the same letters. By the discussion in §2.3,
there are A-lattices A, A1, A2, Aq and Ay of the same rank r corresponding to each of ¢, ¢/G,
¢/H, ¢/(GNH) and ¢/(G + H), respectively. The isogenies in diagram (5.1) are all normalized. The
correspondence between isogenies of Drinfeld modules over Co, and isogenies of A-lattices of §2.3 gives
rise to a diagram where arrows represent inclusion of lattices:

A
An

A Ay .

Ay
Proposition 2.5 further yields the following four isomorphisms of F,-vector spaces:
A /A ~ker(p — ¢/G) =G, Ay/A ~ker(p — ¢/H)=H, A/A~GNH, A;/A~G+H.

From the inclusion An € Aj N Az and the isomorphisms An/A o~ (A1/A) N (A2/A) >~ (A1 N Ag)/A, we
deduce that An = A1 N As. A similar computation yields A, = A; + Ag. The last displayed diagram
simplifies to

N,
~

A+ As

Ay

Applying Theorem 2.6 in this situation yields
log, D(A1 N A2) +log, D(A1 + Ag) = log, D(A1) + log, D(Az). (5.3)

By construction of the A-lattices here and the definition of the local component at v of the Taguchi
height (see §4.2), we have

S i (6/G) = (
g (¢/ H) = log, | D
fag i (6/(G N H)) = log, [D(An
and h%,, 1 (¢/(G + H)) = log, [D(

Plugging these into (5.3) concludes the proof. O
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5.4. Graded height at an arbitrary place. — For any Drinfeld module ¢ defined over K and any
place v of K, recall from §4.1 that

ord,(g;)
¢ —1

vGr,K(¢):_min{ , lgiﬁr}:)\v(ﬁb)'

In this section, we prove the following result.

Theorem 5.3. Let ¢ be a Drinfeld module defined over K, and let G,H € SGx(¢). For any place
v € Mg of K, we have

ek (0/(GNVH)) + hey 1 (0/(G + H)) < hy 5 (0/G) + hgy i (¢/H). (5.4)
Proof. As discussed in §5.2, the data leads to a parallelogram of normalized isogenies

¢/(GNH)

f g
¢/cf*//////// . \\\\\\\\\’¢/ff

\ /

¢/(G + H)

where f and g have trivial GCD in K{7}, and ¢ € K{7} is the LCM of f and g.
Writing 11, == Ay (¢/(G N H)) for simplicity, Proposition 4.2 yields

Av(¢/G) - )‘U(Qb/(G N H)) = Vf(ﬂv) — Mo,
)\fu((ﬁ/H) - )\U((;S/(Gﬂ H)) = ‘/Q(NU) — Mo,
and A (¢/(G + H)) = \o(9/(G N H)) = Vi) — po.

Applying Theorem 3.3, we deduce that Vy(p,) < Vi(py) + Vg(ttw) — fto. In other words, we have

Ao(0/(G+ H)) < A(9/G) + Mo(9/H) = M(9/(G N H)),

which is exactly the desired parallelogram inequality. O
The previous proposition also implies the following result.

Corollary 5.4. Let ¢ be a Drinfeld module defined over K, and let G, H € SGx(¢). For a finite place
v E M[f( of K at which ¢ has stable reduction, we have

Wrag 1 (@/(G N H)) + Wy 1 (9/(G + H)) < Mg 1 (9/G) + Wpag 1 (¢/ H). (5.5)

Proof. Let ¢ : A — K{7} be a Drinfeld module defined over K. If v is a finite place of K at which
¢ has stable reduction, then any Drinfeld module defined over K which is isogenous to ¢ also has
stable reduction at v (see Proposition 5.1). Moreover, we have hi,, x(¢) = [h¢, ()] = hiy ()
by Proposition 4.1 and the definition of hf,, (). Applying this to the four Drinfeld modules in the
isogeny parallelogram, the desired inequality follows from Proposition 5.3. O

5.5. Parallelogram inequalities for Drinfeld modules. — Summing up, with appropriate weights,
the parallelogram inequalities for local heights obtained in the last two paragraphs, one obtains par-
allelogram inequalities for the global graded and Taguchi heights, as in Theorem A.

More specifically, Theorem A (1) immediately follows from the definition of the graded height and
Theorem 5.3, while Theorem A (2) is a direct consequence of the definition of the Taguchi height, the
equalities in Theorem 5.2, and the inequalities of Corollary 5.4.

15



5.6. Consequence for j-invariants in rank 2. — Let K be a finite extension of Ky = F,(T"). Recall
that K is equipped with an absolute logarithmic Weil height (see [GP22, §1.3]) which we denote by
hy : K — Q. In the special case K = Ky, the height hyy () coincides with the degree of x € Fy(T) as
a rational function in T i.e., hyy (z) is the maximum of the degrees of the numerator and denominator
of x, as polynomials in 7T'.

In this final paragraph, we restrict ourselves to considering Drinfeld modules of rank 2 defined
over K. Such a Drinfeld module ¢ : A — K{r} is determined by ¢7 =T + g7 + A7 € K{r}, with
coefficients g € K and A € K*. One classically associates to ¢ its j-invariant j(¢) = g9 /A € K.
One shows (see Lemma 3.8.4 in [Pap23]) that two Drinfeld modules of rank 2 defined over K are
isomorphic over K if and only if their j-invariants are equal. Moreover, for any j € K, there exists
a Drinfeld module ¢ : A — K{7} such that j(¢) = j. One then defines the modular height of ¢ by:

1

h(¢) =hw (j(¢)) = KKy > fomax{ —ord, (j(¢)),0}.
’ vEMp

A quick computation using the product formula for K proves (see also [BPR21, §2.2]) that
hun () = (¢° = 1) harx (9)-
Our Theorem A (1) can thus be rewritten as follows: for any G, H € SGx(¢), we have
h (6/(G N H)) + hn (6/(G + H)) < hi(6/G) + han (¢/H). (5.6)

Together with the preceding remarks, this further specializes to Corollary C in the introduction when
K = K. We illustrate this result by a worked out example.

Example 5.5. Let ¢ : A — K{7} be a Drinfeld module of rank 2 defined over K. Consider its
T-torsion “subgroup” ¢[T] = ker(¢r) (see [Pap23, §3.5]). Clearly, one has ¢[T] € SGg(¢) and
dimg, ¢[T] = deg, 7 = 2. The polynomial f = Tl ¢pr=1+gT 17+ AT 172 € K{7} is the
unique normalized polynomial with kernel ¢[T]. A straighforward computation shows that f is the
“quotient isogeny” ¢ — ¢ = ¢/¢[T], where 1 is given by ¥ = T + (¢T9 1) 7+ (A TqQ_l) 72. Note
that T - o7 - T~! = ¢7 so that ¢ ~ ¢.

We now pick a basis (e1,e2) € K2 of ¢[T] as a Fg-vector space, and let Gy == Fyeq, Ga = Fjes.
By construction, G, G2 are elements of SGx (¢), they have trivial intersection, and their (direct) sum
is ¢[T]. Applying the parallelogram inequality (5.6), we get

2hm(9) = h(8) + hun (9/S[T1) = hm (¢/(G1 N G2)) + hin(¢/(G1 + G2)) < hun(¢/G1) + hm(¢/Ga).

In other words, we have
hun (¢/G1) + hn (¢/Go2)
2

> h ().
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