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Introduction

Let F, be a finite field of odd characteristic p and K = F,(t). Consider a nonisotrivial elliptic curve E
defined over K, and its associated L-function' L(E,T). Via a cohomological interpretation, Grothendieck
has proved that, even though L(E,T) is a priori defined as a formal power series in T, it is actually a
polynomial with integral coefficients, whose degree we denote by b(E). Moreover, L(E,T) satisfies the
expected functional equation relating L(E,T) to L(E,1/¢*T).

Define p(E) to be the order of vanishing of L(E,T) at the central point T = ¢~! and the special value
of L(E,T) by L*(E,1) := limp_, ,—1 (1 — qT)~PE) . L(E,T). These invariants both appear in the conjecture
of Birch and Swinnerton-Dyer? through which they are related to ‘arithmetic’ invariants of E.

We will be interested in comparing the size of the special value L*(E,1) to the degree b(E) of the
L-function. It is relatively straightforward to prove that

log L*(E, 1)

-1< W <0+ o0(1) (as b(F) — 00), (1)

and it seems natural to ask about the optimality of such bounds. In other words, given a family & of
nonisotrivial elliptic curves E over K with b(E) — oo, we investigate the asymptotic behaviour of the ratio
log(L*(E,1))/log (qb(E)) as F runs through &. Does this ratio have a limit? If so, what is this limit?

These questions are still wide open and, as far as the author knows, they have only been settled for a
very limited number of special families & (see | , Thm. 7.12], | , Coro. 5.1], [ , Thm. 4.2] and
[ , Thm. 9]). These examples are known as ‘Kummer families’ of elliptic curves: one obtains them by
pulling-back an elliptic curve E;/K by the map t + t¢ for larger and larger integers d which are coprime
to ¢. In those cases, the ratio in (1) does have a limit, and this limit is 0.

In this article, we answer the two questions above for an ‘Artin—Schreier family’ of elliptic curves over K.
More precisely, we prove

ISince the base field K is fixed and all the invariants of E we consider are relative to K, we drop the dependency on K
from the notations.
2Hereafter abbreviated as BSD
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Theorem A — Let Fy be a finite field of odd characteristic p and K = Fy(t). Fiz v € Fy and, for all
integers a > 1, let E, ., be the elliptic curve over K given by the affine Weierstrass model

Bony: yr=a(@+167) (v+pa(t)?), with pa(t) =17 —t € Fylt].
Then, as a — oo, the limit below exists and is 0:

"
im log L (Eay, 1) =0. (2)
a—0o log (qb(Enr,'y))

The name of ‘Artin—Schreier family’ stems from its construction: starting with the elliptic curve E, /K
given by y? = z(z + 167)(x + t2), one obtains E, ., by pulling back E., by the Artin-Schreier map ¢ — pq(t)
for any a > 1. This family of elliptic curves {E, - }o>1 was previously studied in | | where, among other
things, the authors prove that E, . satisfies the BSD conjecture. Following | , §7.3], we note the
ressemblance between E, , and a Legendre elliptic curve. We refer to Theorem 6.1 for a more quantitative
version of (2).

Once again, prior to Theorem A, the only known examples of families of elliptic curves exhibiting a
behaviour such as (2) were Kummer families. We also remark that the strategy of proof of (2) markedly
differs from the one used in our previous works [ I, ] and | ]; we comment further on this
difference and on the reason for adopting a new approach in Remark 6.2.

From Theorem A and from the BSD conjecture, we will deduce (see Theorem 7.1):

Theorem B — Let F, be a finite field of odd characteristic and K = Fy(t). For any v € FX and any
integer a > 1, the Tate-Shafarevich group UI(E, ) is finite. Furthermore, one has

log (|IH(Ea'y>| : Reg(Ean/))
a—roo log H(Eq,)

:]_7

where Reg(Eq ) denotes the Néron—Tate requlator of E, -, and H(E, ) its exponential differential height
(see §1.1-§1.3 for definitions).

Following [ ], we view this result as an analogue of the Brauer—Siegel theorem for the sequence of elliptic
curves {Eq, , }q>1. We further comment on this result in section 7.

Let us give an outline of the proof of Theorem A as we describe the structure of the paper and state the
other results contained in it. In section 1, we start by reviewing the construction of the elliptic curves E, .
and by computing some of their invariants. We also recall the definition of their L-function and state the
BSD conjecture (proved by Pries and Ulmer for E, -, cf. | D.

In the following two sections, we compute the L-function of F, ; the relevant objects are introduced in
section 2. In particular, a central role is played by angles of some Kloosterman sums. For the purpose of
this introduction let us only say that, to any place v # 0,00 of K, we will attach a character sum K (v).
The sum K, (v) is a real number satisfying |K, (v)| < 2¢%*/2 where d, is the degree of v. Hence there exists
an angle 0, € (0,7) such that K,(v) = 2¢%/? - cos6,. The reader is referred to §2.2 and §3.4 for precise
definitions. Section 3 is devoted to the calculation of the L-function itself, which results in the following
expression:

Theorem C — For all integers a > 1, we denote by Py(a) the set of places v # 0,00 of K whose degree d,
divides a. Then, for all v € F, the L-function of Eq ~ is given by

L(an.y,T) _ H (1 o (qT)d’”) (1 _ e2i9v (qT)d”) (1 _ 6722’0,,1 (qT)d'“) : (3)
vEP,(a)

where, for all v € Py(a), 0, € (0,7) is as above (see §2.2 and §3.4 for a precise definition).

This result is proved by a ‘point-counting’ argument, directly from the definition of L(E, ~,T'), through
manipulations of character sums over finite fields. Given the paucity of tables of L-functions of elliptic
curves over K of large conductor, such an explicit expression of L(E, ,T) may be of independent interest.

As a by-product, Theorem C yields a closed formula for the analytic rank ordy—,-1 L(E, ., T). Using
that the BSD conjecture is proven for E, -, we recover a result of | ] stating that the ranks of E, ,(K)

are unbounded as @ — co; more precisely, we show in Corollary 3.8 that rank E, ~(K) = ¢%/a + O(qa/2).



From Theorem C, we also derive (Proposition 3.7 and (3.15)) an explicit expression for the special
value L*(E, ~,1). In the notations of (3), we obtain an expression of the shape

log " (P, 1) _ 108 Cileger) | 1. > logsin6,, (4)
() WFar)  BFay) 2=

where, b(E,~) > ¢%, as will be shown in §1.2. Estimating the first term is straightforward: it is o(1)
as a — oo and thus does not play any role in the asymptotics. In order to prove the limit in Theorem A,
we have to investigate the behaviour of the second term: specifically, we need to show that it is o(1)
too. The size of this term visibly depends on how the angles {0, },cp,(q) distribute in the interval [0, 7].
Since t — logsin?t tends to —oo at 0 and 7, this size also depends on how close the angles 6, can be to
the endpoints of (0,7). Therefore we devote sections 4 and 5 to studying the distribution of the angles
{0s}vep,(a) in more detail. The two main results in these sections can be stated as follows:

Theorem D — Notations being as above,

(i - Theorem 5.6) For all continuously differentiable functions g : [0,7] — C,

1/2

1 2 [T a &
9v——/ t) -sin®tdt| < —/ '(t)] dt.
|Pq(CL)| Z g( ) T o g() q qa/4 o |g( )l

vEPy(a)

(it - Corollary 4.5) There is a constant ¢ > 0 such that min{6,, 7™ — 0,} > (¢*)~° for allv € P,(a).

By the work of Katz, it is known that the angles of Kloosterman sums become equidistributed in [0, 7]
with respect to the Sato—Tate measure (see | ])- It turns out that the same statement holds for the
angles {0, },ep,(a) (see Theorem 5.5). The proof relies on an adaptation of Katz’s method in [ , Chap.
3] and results of Fu and Liu in | ]. This equidistribution result, however, is not sufficient for our purpose:
we need a more effective version such as Theorem D(i). The effective version (Theorem 5.6) follows from
Theorem 5.5 after a more detailed analysis using tools from equidistribution theory (see | D.

The main goal of section 4 is to prove Theorem D(ii); we actually prove a more general result there
(see Theorem 4.1). The proof has a diophantine approximation flavour and the main tool is a version of
Liouville’s inequality (as in [ D-

Combining the two results in Theorem D and approximating ¢ — log sin? ¢ by sufficiently regular functions,
we prove (Theorem 6.3) that

2 ™
logsin? , — = / logsin?t - sin? t dt = log(e/4). (5)
Al 2 Ve 7y
Theorem A then follows rather easily (see Theorem 6.1), since (5) implies that the second term in (4) is
indeed o(1) as a — oco. Finally, section 7 is devoted to the proof of Theorem B (see Theorem 7.1).

1 The Artin-Schreier family of elliptic curves F, ,

Throughout this article, we fix a finite field Fy of characteristic p > 3,
and we denote by K =Ty (t) the function field of the projective line }P’}]Fq.

In this section, we explain in some detail how the curves F, , are constructed and we collect elementary
facts about them. We also setup some notations and conventions that will be in force for the rest of the
paper. For a nice account of the theory of elliptic curves over K, the reader may consult | ].

For all integers a > 1, we let p,(t) = t9" —t € F,[t]. For any v € FX and any a > 1, we consider the
elliptic curve E, - defined over K by the affine Weierstrass model:

Eorn: y>=z(z+167) (z + pa(t)?). (1.1)

The sequence {Eq - }q>1 is called an Artin-Schreier family of elliptic curves over K. This terminology
comes from the following observations. Let E. /K be the elliptic curve given by y* = z(z + 167)(z + t?).
Then, for all a > 1, the curve E, , is the pullback of E, under the Artin-Schreier map P}Fq — }P’}]Fq given
by t — p.(t). Hence, studying E, ., over K = F,(¢) is equivalent to studying E., over the Artin-Schreier
extension Fy(uq) of Fy(t), where p,(uq) =t.



These elliptic curves E, , were studied in | , §6.4, §7.3] where, among other things, it was shown
that they satisfy the BSD conjecture (see §1.3 below). In their paper, Pries and Ulmer construct the curves
E, as follows. For any v € T, we let f, : IP’}K — IP’}K be the map [zg : 21] — x0/21 + Y21 /2. Consider
the curve Z, , C IP’}K X ]P’}K defined over K by

F((zo = 1)) = f1([yo = v1]) = pa(t),
in the ([zo : 1], [yo : y1])-coordinates on Pj ;- x Pj.. This curve is smooth of genus 1 and admits one
K-rational point ([0 : 1],[0 : 1]). The curve Z, - is given in the affine (x,y)-coordinates on A?K by
(x —y)(zy —7) = pa(t) - Y.

Pa(t) —z+y Y(palt) +y —x)+29
. alt) palty L+ =2) then
-y z?—y

The change of coordinates (z,y) — (u,v) =
brings Z,  into the affine Weierstrass form
o . 2 _ .3 2, .2
E, . : v — pa(t) - uwv =u® — 2y - u” + 7w (1.2)
One finally passes from E; . to E, . by means of the 2-isogeny ¢ : E7 |, — E,  given by
(v — pa(t)u) 4(2v — pa(t)u)(u’® — 72)>

b
u2 u?

(1.0 - () =
From the model (1.1), it is straightforward to compute the j-invariant j(E, ) of E,, and obtain that

(pa(t)4 - 16’7 ) pa(t)2 + 2872)3
72 pal(t)* - (pa(t)? — 167)*

As a rational function of ¢, the j-invariant j(E, ) is visibly nonconstant and separable. In particular, the
curve I, ., is not isotrivial.

j(an) =

We also would like to point out that E, . is ‘almost’ a Legendre curve. More precisely, in the setting of
[ |, the curve E, , can be obtained as follows. Starting from the Legendre elliptic curve Ey /K given
by
Eoqn: y=a(x—1)(z—(16y)"" %),

one takes a quadratic twist by —(16+) ™, obtaining Ej ., defined by y? =z(x+1) (14 (167)~* - ¢?). Pulling
back E(IM along @, : P! — P!, one recovers the curve E, ., defined by (1.1).

1.1 Bad reduction and invariants

For any place v of K, we denote by d, or degwv the degree of v and F, the residue field at v. We identify
finite places of K with monic irreducible polynomials in F,[t]; we also identify the residue field at v # oo
with Fy[t]/(B,) if B, € Fy[t] is the monic irreducible polynomial corresponding to v.

Let us describe the reductions of F, , at places of K and compute its relevant invariants. A straightfor-
ward computation of the discriminant of the model (1.1) of E, , gives that

A =2122 0, (1) (pa(t) — 16v)” (1.3)
The finite places of bad reduction of E, . are then the monic irreducible divisors of A in Fy[t]. By a
routine application of Tate’s algorithm (see [ , Chap. IV, §9] for instance), one can give a more precise

description:

Proposition 1.1 — Let Z, - be the set of places of K that divide p,(t)- (pq(t)? —167). Then E, ~ has good
reduction outside S = Z, U {o0}. The reduction of Eq~ at places v € S is as follows:

Place v of K Reduction type of E,~ at v ordy Amin(Eaq,y) | ordy N(Eq )
v | palt) Multiplicative (of type 14) 4 1
v | pa(t)? — 167 Multiplicative (of type I2) 2 1
00 Split multiplicative (of type Lsga) 4q® 1

In this table, for all places v of bad reduction for E, ., we have denoted by ord, Apmin(Eq~) (resp.
ord, N(E, )) the valuation at v of the minimal discriminant of E, . (resp. of the conductor of E, ).
See | , Chap. IV, §9], | , Lect. 1 §8] for the definitions of these local invariants.



From this local information, one deduces the values of the following global invariants (we refer to | ,
Lect. 1] for their definition). The minimal discriminant divisor Amyin(FEq ) has degree deg Apin(Eq ) = 12¢%,
and the conductor N'(E, ,) € Div(P!) has degree deg N (E, ) = 3¢® + 1. Indeed, since both g, (t) and
©a(t)? — 167 are squarefree in F,[t], one has

Z degv = degp,(t) = ¢* and Z degv = deg(pa(t)* — 167) = 2¢°.
v|pa(t) v|ga(t)2—167v
Hence the exponential differential height H(F, ) is ¢¢" since, by definition (see §2 in | , Lect. 3]), it

deg Apmin (E

is given by H(E, ) := q 7))/12 " Summarising these calculations, we have

a

deg Amin(Eay) =12¢%, degN(Eq,) =3¢*+1, and H(E,,)=q?. (1.4)

Remark 1.2 As is clear from comparing (1.3) and the third column of the table in Proposition 1.1, the
discriminant A of the Weierstrass model (1.1) has the same valuation as Amin(Fq,) at all finite places of
K. Therefore, the model (1.1) is a minimal integral model of E, - at all places v # oo of K.

1.2 Definitions of L-function, analytic rank and special value

For any place v of K, with degree d, and residue field F,, we denote by (E;Y)v the reduction modulo v

of a minimal integral model of E, ., at v: (Eaﬁ)v is thus a plane cubic curve over F,. By definition, the
L-function of E, - is the power series in T" given by

L(EaqyT) = [] (1—ay-T% +¢* - 7%) " [] (1-a,-T%)"" € zZ|T]), (1.5)

v good v bad

where the products are over places of K where E, ., has good (resp. bad) reduction, and where?

ay = q% + 1= |(Eyq)o(Fy)l-

We refer to | , §2.2] and | , Lect.1 §9, Lect. 3 §6] for more details.
Since E, ., is not isotrivial, a theorem of Grothendieck shows that L(E, ,T') is actually a polynomial
in T with integral coefficients whose degree is denoted by b(E, ). Further, by the Grothendieck-Ogg-

Shafarevich formula and our computation in (1.4) of the degree of N'(E, ), we know that
b(Eq,y) =deg L(Eq ., T) = deg N (E, ) —4 = 3(¢" — 1). (1.6)

In section 3, we will compute the polynomial L(E, ,T) explicitly. For now, we only note that it makes
sense to define the following two quantities:

Definition 1.3 Let p(E, ) be the analytic rank of E,, ¢.e., the multiplicity of T = g~ ! as a root

of L(E,,T). Further, define the special value of L(E,~,T) at T = ¢~ to be

L(E,~,T)

S (s o W

€ Z[g'| ~ {0}, where p=p(E,). (1.7)

Remark 1.4 The special value L*(E, -, 1) is ‘usually’ defined as the first nonzero coefficient in the Taylor
expansion around s = 1 of the function s — L(E, , ¢~ *®). Our definition (1.7) differs from that more ‘usual’
one by a factor (loggq)”. We prefer to use the normalisation (1.7) because it ensures that L*(E, ~,1) € Q*.
This choice is consistent with our normalisation of Reg(E, ), see §1.3 below.

1.3 The BSD conjecture

The Mordell-Weil theorem implies that F, ,(K) is a finitely generated abelian group (cf. [ , Lect. 1,
Thm. 5.1]). Since the canonical Néron-Tate height h : E, ,(K) — Q is quadratic, it induces a Z-bilinear
pairing (-,-) : Eq 4 (K) X E, (K) = Q, which is nondegenerate modulo E, ~(K)tors (¢f. [ , Chap. III,

Thm. 4.3]). We can then define the Néron-Tate regulator of E, ~ by

Reg(Ea.,) = |det (P, P))), ., < | € @7,

3When E, - has bad reduction at v, note that a, equals 0 (resp. +1, —1) if E,  has additive (resp. split multiplicative,
nonsplit multiplicative) reduction at v.



for any choice of a Z-basis Pi,...,P. € E,(K) of E,(K)/Eq4~(K)tors. Note that we normalise (-,-)
to have values in Q: we may do so since, in our context, this height pairing has an interpretation as an
intersection pairing on the minimal regular model of E, - (see | , Chap. III, §9]).

Let us also recall that the Tate-Shafarevich group of E, . is defined by

HI(E, ) := ker (Hl(K, E.,) — [[H' (K., (Em)v)> 7

see | , Lect. 1 §11] for more details. In Theorem 1.5 right below, we will see that III(E, ~) is finite.

It has been conjectured by Birch, Swinnerton-Dyer and Tate that the ‘analytically defined’ quantities
p(Eq~) and L*(E, , 1) have an arithmetic interpretation (see | , Conj. BJ). Even though this conjecture
is still open in general, it has been proved by Pries and Ulmer for E, , in | ]. Let us state their result
as follows:

Theorem 1.5 (Pries - Ulmer) — Forally € FX and all integers a > 1, the elliptic curve E, /K satisfies
the full Birch and Swinnerton-Dyer conjecture. That is to say,

o The Tate-Shafarevich group III(E, ) is finite.
o The rank of E,(K) is equal to p(E4) = ordp—g—1 L(E, ,T).

o Moreover, one has
HI(Eay)| - Reg(Ea,y) ) T(Eay) -4
H(EGKY) |Ea,’y(K)tors‘2’

where T(E, ) denotes the Tamagawa number of Eq

L*(Fur1) = - (1.8)

Proof: We only sketch a proof and refer the interested reader to | , §3] for more details. As we have
seen at the beginning of this section, E, , is 2-isogenous to E ay Since F,, and Ej , are linked by an
isogeny of degree prime to the characteristic of K, Theorem 7.3 in | , Chap. I] implies that the BSD
conjecture holds for E, - if and only if it does for E} . Hence Theorem 1.5 will follow if we prove that Eg
satisfies the BSD conjecture.

We have also shown that Ej , is birational to the curve Z, , C P! x P! which, by construction, is given
in affine coordinates by an equation of the form f,(z)— f,(y) = pa(t) where f, is a certain rational function
on P! over K and g, (t) € F,[t] is a separable additive polynomial. Under these conditions, Corollary 3.1.4
of | ] proves that Ef  satisfies the BSD conjecture.

The crucial point of their proof is the following: given the specific shape of the equation of Z, ., to
which E7  is birational, the minimal regular model & ., — P! over F, of the curve E; /K is dominated
by a product of curves Cqy X Cqy --» 5;’77 over Fy (where C, 5 is actually the curve defined in Remark
2.3 below). The Tate conjecture (T) asserts that the order of the pole of the zeta function of a surface
S/F, equals the rank of the Néron—Severi group of S (see | , Conj. CJ, or §10-§13 in | , Lect. 2]).
Conjecture (T) is proved for surfaces that are dominated by products of curves. In particular, (T) holds
for the surface &7 . /F;. On the other hand, it is known that conjecture (T) for &  /F, is equivalent to
the BSD Conjecture for the generic fiber of &7, — P! i.e., for the elliptic curve E° /K (Theorem 8.1 in
[ , Lect. 2]). Hence the result. 0

e

In section 6 we give bounds on the special value L*(E, -, 1) on the left-hand side of (1.8) and, in section 7,
we deduce from these an estimate on the asymptotically significant quantities on the right-hand side of (1.8).
For completeness, let us recall here the following bounds (which we will need to prove Theorem 7.1).

Proposition 1.6 — Let E be a nonisotrivial elliptic curve over K. Then

(1) |E(K)ors| <q 1, (ii) logT(E) = o(log H(E)) as H(E) — oo.

Proof: The first bound is the analogue for elliptic curves over K = F,(t) of Merel’s uniform bound on
torsion for elliptic curves over Q. There are several proofs of (i) and we refer the reader to | , Lect. I
§7] for a survey and a sketch of proof (by a modular method). The bound (7i) on the Tamagawa number is
a consequence of Theorem 1.22 of | ] in the case when E is semistable or p > 3. A self-contained (and
elementary) proof for all elliptic curves over K can also be found in | , Théoréme 1.5.4]. O



2 The sums K,(v) and the sets P,(a)

The goal of this section is to introduce the objects which appear in the L-function of Fj, ..

We fix a finite field F, of odd characteristic and a nontrivial additive character 34 on F,, which we
assume to take values in the cyclotomic field Q((,). For instance, a standard choice of 1, is the map
Pg 1T = th%/%(w) where (), is a primitive pth root of unity and trg /¢, : Fq — F) is the trace map.

For any finite extension F of F,, we denote by trp/r, : F — Fy the relative trace and we ‘lift” ¢, to a
nontrivial additive character ¢y : F — Q((p)* on F by putting ¢ := 1, o trp/p, .

2.1 Kloosterman sums

For a finite field IF of odd characteristic p, a nontrivial additive character ¢ on F with values in the cyclotomic
field Q(¢p), and a parameter o € F*, we define the Kloosterman sum Klp(1; ) by:

Klp(; ) - Zw(wr ) (2.1)

As a sum of pth roots of unity, Klp(1; «) is an algebraic integer in Q({,). For our purpose, it is convenient
to normalise the sum by a —1 sign. Let us gather in one proposition several classical facts about the
Kloosterman sums that will be useful in this article.

Proposition 2.1 — Let F, ¢ and o be as above. Then:
(i) Klr(v; ) is a totally real algebraic integer in Q(¢p) i.e., Klp(v; a) € Z[Cy + ¢, ']
(if) Klp(v; «) satisfies ‘Salié’s formula’:
Kle(¢;0) = =Y Ay* —4a) - ¥(y), (2:2)
y€EFR

where X : F* — {£1} is the unique multiplicative character on F* of exact order 2 (extended by
A(0) :== 0 to the whole of F).

(iii) IfF contains Fy, one has Klg(1), o tre/p,; o) = Klp(thg o trp/r, ; a?).
(iv) There exist two algebraic integers klp(1; ) and klp(); ) such that klg(1); a) - Kl (¢; o) = |F| and,
for any finite extension F'/F,  Klp (¢ o trp jr; o) = Kl (1) o) F il (s ) (2.3)
The pair {klp(¢; @), klp(1; )} is uniquely determined by F, 1), o

(v) Klp(; @) and kig(y; @) have magnitude |F|*/? in any complex embedding. In particular, in any complex
embedding of Q((p), the sum Klp(v; o) satisfies |Klg(1); )| < 2|F|Y/2 (‘Weil bound’).

(vi) In any complex embedding of Q((p), one has

0 < [Klg(y; )| < 2|F|*/2. (2.4)
Proof: The reader can confer | , Chap. 5, §5] and | , §3] for proofs of these classical results
about Kloosterman sums: (i) and (iii) are easily checked; items (ii), (iv) and (v) are Theorems 5.47, 5.43
and 5.44 in | |, respectively; (vi) is proved in Corollary 3.2 of | ] O

2.2 The sums K, (v)

Assume a parameter v € F is given. A place v # 0,00 of K with degree d, corresponds to a monic

irreducible polynomial B, € F,[t] of degree d,,, with B, # t. Choose a root 3, € EX of B,: we claim that
the value of the Kloosterman sum Klg, (¢, ;v52) does not depend on the choice of §,. Indeed, given one

such 3, the d, — 1 other choices are of the form Bvqj (with j € {1,2,...,d, — 1}) because the d, different
roots of B, in I, are all conjugate under the action of the Galois group Gal(F, /F,). A repeated application
of Proposition 2.1(iii) then proves the claim. Therefore the following definition makes sense:

Definition 2.2 Let F, be a finite field of characteristic p, ¥, be a nontrivial additive character on F,
and v € FX. For any place v # 0,00 of K = F¢(t) corresponding to a monic irreducible B, € IF,[t], we let

K, (v) := Klg, (¢r,;755) Z Yq 0 trF, /7, <$+ r B") ; (2.5)
z€FY

for any choice of 3, € EX such that B,(8,) = 0.
Note that K,(v) depends on Fy and v, but we chose not to include these in the notation for brevity.



For any place v # 0,00, Proposition 2.1(iv)-(v) shows that there exist a unique pair {kl,(v), kI, (v)} of

conjugate algebraic integers, which have magnitude |IE‘U|1/ 2 = ¢%/2 in any complex embedding and such
that

K, (0) = Kl (0) + kI (0). (2.6)
In other words, we denote by {kl,(v), kL, (v)} the pair of algebraic integers {Klg, (¢, ;v52), klg, (e, ;762)}-

Remark 2.3 These sums K, (v) appear in the zeta function of a curve over F,. Namely, consider the
hyperelliptic curve C, , over F, defined as a smooth projective model of the affine curve p,(y) = = + v/z.
A computation, which probably goes back to Weil, shows that the zeta function of C, ~/F, is given by

[T, (1= Kly(0) - U™) (1= ki, (v) - US)
A-0)a-q¢-0) |

Z(Capn/Fq;U) =
where the product is over all places v # 0, 00 of K whose degrees divide a (see | D-

2.3 The sets Py(a)

Definition 2.4 For any integer a > 1, we denote by P,(a) the set of places v of K, with v ¢ {0, co}, whose
degree d, divides a. In the identification between finite places of K" and monic irreducible polynomials, P, (a)
corresponds to the set {B € F,[t] : B monic, irreducible s.t. degB | a and B # t}. Equivalently, P,(a) is
the set of closed points on the multiplicative group G,, = P! \ {0, 00} over F, whose degree divides a.

In what follows, we will frequently need the following estimates, which we record here for convenience.
Lemma 2.5 — Given a finite field Fy, one has
(i) |Py(a)] = ¢*/a+ O(q*/?) for alla > 1. (i) ¢* <4 a-|Py(a)] <4 ¢* for alla > 1.
The involved constant are effective and depend at most on q.

Proof: For all n > 1, we denote by m,(n) the number of places v # 0,00 of K of degree d, = n. In other
words, my(n) is the number of closed points of degree n of G,, over F,,.
The ‘Prime Number Theorem’ for F,[t] states that m,(n) = ¢"/n + O,(¢"/?) for all n > 1 where the

hidden constant can be given explicitly (see | , Prop. 6.3] for example). On the other hand, it is clear
from the definition that [F(a)| = }_,,, mq(n). The estimate of m4(n) and this relation directly imply (i).
From this, one easily deduces (ii). O

3 The L-function

With the notations introduced in the previous section, we can now state our first main result:

Theorem 3.1 — Let Fy be a finite field of odd characteristic p and K = F,(t). For any v € Fy and any
integer a > 1, consider the elliptic curve E, /K given by (1.1). The L-function of E, ~ is given by

L(E.,,T)= J[ (1—g% 7%) (1 =kl (0)* T%) (1— ki (v)* - T%), (3.1)
vEPy(a)

where kb (v), kI, (v) are the algebraic integers associated to K. (v) (see (2.5) and (2.6)).

The proof of this theorem occupies the rest of the present section. Our strategy is loosely based on the
computation in [ , §3.2]: to give an expression of L(E, ~,T'), we rely on an explicit ‘point-counting’
argument with character sums. This requires showing an identity for counting solutions to ‘Artin—Schreier
equations’ in terms of character sums, as well as a relation between the character sums that appear in the
argument and the sums K, (v) introduced above. We first give in the next subsection a proof of these two
facts, and then prove Theorem 3.1 in §3.2.

Remark 3.2 Before moving on to the proof of this theorem, we note the following:

(1) Even though the sums K, (v) for v € P;(a) individually depend on the choice of a nontrivial additive
character ¢, on F,, the L-function L(E, .,T) € Z[T] does not. Indeed, changing the choice of ¥,
amounts to permuting the factors in (3.1).

(2) Note that >, cp () dv = |Gm(Fge)| = ¢* — 1. Thus, as a polynomial in T', the L-function L(Eq,T)
has degree 3(¢* — 1) = deg N'(E, ) — 4. This is consistent with the expected degree, see (1.6).



(3) For any integer a > 1, the L-function of the base change of E, , to K, := Fga(t) admits a somewhat
simpler expression. Indeed, for all v € F)X and a > 1, the L-function of E, /K, is given by

L(Bay/Ka,T) = J] 1 =q" T) (1= (Klp)*-T) (1 - (kIp)*-T),

BEF,

where, for all 3 € FJ qo» Klg and kI'B are the two algebraic integers associated to the Kloosterman
sum Klg . (¢F,q;76%). Thls follows directly from (3.1).

(4) Recall the elliptic curves Ej . introduced at the beginning of §1 and given by (1.2). Since isogenous
elliptic curves share the same L-function (by | , Chap. I, Lemma 7.1]), Theorem 3.1 also shows
that the L-function of £ _ is given by (3.1).

(5) It is perhaps illuminating to comment on the appearance of Kloosterman sums in L(E, ,T). Choosing a
prime ¢ # p, we denote by H (X)) = Hi (X xp E, Q) the i-th f-adic étale cohomology group of a smooth
projective variety X/F,. Let &2 oy = ]P’1 denote the minimal regular model of E; . The cohomological
interpretation of L-functions of Grothendieck implies that L(E? A ) is essentially the ‘interesting part’
of the zeta function of the surface &, - /F, i.e., L(Ej ., T) is a factor of the characteristic polynomial of
the Frobenius Frob, acting on H?(E7 ).

By the construction of E7 , in §1, &; ., is a smooth model of a quotient of C, ~ X C4 by the action of
a certain finite group G,, where C, ., /F, is the curve introduced in Remark 2.3 (see | , §7.3] for a
more detailed presentation). In particular, H*(E ) can be seen as a subspace of H?((Ca,y X Capy)/Ga),
itself a subspace of H(Cy ~ X Cq ). Hence, by Kunneth s formula, L(E; ., T) divides the characteristic
polynomial of Frob, acting on H!(Cq ) ® H'(Cy.)-

As was noted in Remark 2.3, the numerator of the zeta function of C,  7.e., the characteristic polynomial
of Frob, acting on H'(C, ), involves Kloosterman sums K. (v). Hence, the eigenvalues of Frob, acting
on H'(C, ) ® H*(C,,,) are products of the form K, (v1)K,(v2). Being a factor of the characteristic
polynomial of Frob, acting on H'(C, ~) @ H'(C, ), the L-function L(E; ., T) has to involve some of the
products K, (v1)K, (v2).

Working out the details of this sketchy computation could lead to a different proof of Theorem 3.1.

3.1 Point-counting and character sums

For any finite finite field F of odd characteristic, we fix a nontrivial additive character 1) on IF, and we denote
by A :F* — {£1} the unique quadratic character on F*, extended to the whole of F by A(0) := 0.
For any v € F* and 8 € F, we consider the following double character sum

=303 A (a4 169)(z + %)) - ¢(B2),

z€F zeF
Up to a trivial term, we identify the character sum Mp(8,) as the square of a Kloosterman sum:
Proposition 3.3 — Notations being as above, we have
1 if =0
Mgp(B,7) = 2 ; (3:2)
Klp(y;7-6%)" — |F| if B#0.
In order to prove this identity, we begin by recording the following ‘point-counting’ lemma:

Lemma 3.4 — For any z € F and v € F*, consider

X (2) = {(u,v) € F? : 0 — (u® —uz — dy)v +7y2° =0} C F2
We have
[ Xpq(2)] = [F| - (14 020) = 14> A (2(z+169)(z + 27)) , (3.3)
z€lF

where §,0=1if z=0 and §, 0 = 0 otherwise.

Proof: Let us start by splitting the set Xr - (2) into the two disjoint subsets X := {(u,v) € Xr,(2) : v =0}
and X; := Xp,(2) \ Xo. Computing |Xy| is straightforward: if z = 0, any pair (u,0) with u € F belongs
to Xo and, if z # 0, no such pair belongs to X (z). Therefore, we have | Xo| = |F| - 6,0

To count the number of elements in X;, let us introduce an auxiliary set

Yo (2) = {(z,y) €F?: y* = 2(z + 167)(z + %)} C F?,



which we also split into two parts: Yy := {(z,y) € Yr(2) : « =0} and Y7 := Y (2) N\ Y5. The two maps

)(1 — }ﬁ and }3 — }(1
(u,v) — (4v,4v(2u — 2)) (z,y) — ((y+22)/(2z),2/4).
are easily checked to be well-defined and inverse to each other. Thus, we have |X;| = |Y;| and the Lemma

will be proved once we have related |Y7]| to the character sum in (3.3). Grouping points (x,y) € Y7 according
to their z-coordinates, we obtain that:

|Yi| = Z (14 A(z(z + 167)(z + 27))) |]F|—1+Z>\ (z +167)(x + 2%)).

zeFX zeF
Since | X7, (2)| = | Xo| + | X1| and | X;| = |Y1], we conclude that (3.3) holds. O

Proof (of Proposition 3.3): We treat the case where § = 0 first: we have to prove that

sz\ (z+167)(z + 2%)) = 1.

z€F zeF
This identity follows easily upon using the following equality (see | , Thm. 5.48]):

IF| —1 if b% = 4c,

-1 otherwise.

Vb€ F, Y AyP+by+c) = {

yeF

It remains to prove the Proposition in the case where 8 # 0. If 8 # 0, the character x — 1 (8z) is nontrivial,
and we can expand Klg (1/), 762)2 as a double character sum using Salié’s formula (2.2): we obtain that

Klg (1, 75%) (Z)\ u? — 4y) - ) D03 A ((uf = 49)(u3 — 4)) - ¥ (Bur + u2))

u€elF w1 €EF us €F
=> (Z AW = 47)((u—2)° - 4w>)> - (B2). (3.4)
z€F \uelF

The last line follows from the first by letting (u, 2) = (u1,u1 + uz). For a given z € F, notice that

Yu € F, (u? —49)((u — 2)* —4y) = (u? — 2u — 4)? — 4v22,

which is the discriminant of the quadratic equation V2 — (u? — zu — 47) - V + 722 = 0 with unknown V.

Hence, the number of solutions v € F to this equation is given by
{veF:v?—(u*—zu—4y) - v+722 =0} =1+ X ((u® — 2u — 47)* — 4727) .

Therefore we can rewrite the inner sum (over v € F) in (3.4) as

Z A((u? = 47)((u—2)* — 47)) = —|F| + Z (14X ((0® = zu — 47)* — 4v2%))

uelF ueF

:_|F|+Z|{U€FZU2_(U2—ZU—47)~v+722:0}’
u€eF

= —[F|+ | Xz 5 (2)]

where X - (2) is the set introduced in Lemma 3.4. In that same Lemma 3.4, we have proved that

VzeR,  |Xp,(2)| = [Fl=F| 6.0 — 14+ > A(a(z+169)(z +2%)).
z€F

On multiplying this identity by 1(5z) and summing over all z € F, we deduce from (3.4) that

Klp (13 76%)" = Y ([F] - 6.0 — D)(B2) + Mz (8,7) = [F| + Mz(5,7).

z€F

Indeed, the sum ) g1 (82) vanishes because = + 1)(fx) is nontrivial. This concludes the proof. O

In the proof of Theorem 3.1, we will also need the following ‘counting lemma’:
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Lemma 3.5 — Let Fy be a finite field and 1, be a nontrivial additive character on Fy. For any finite
extension F of Fy and any z € F, one has

{reF:pa(r)=z}= D ¢=(8 (3.5)

BEF aNF

Proof:  For the duration of the proof, we write F = Fg» and we let b = ged(a,n); note that Fga NFgn = Fs.
The map @, : Fgn — Fyn is an Fgp-linear endomorphism of Fy» whose kernel is F,o. In particular, the image
of p, must have dimension dimmqb (Fgn) =1 =mn/b—1. The trace t := trgn /g : Fgn — Fg» is a surjective
[Fp-linear map, so that its kernel H is a sub-FF .-vector space of Fgn of dimension n/b — 1. Recall that
togp, =0 on Fgn, thus we have Im p, C H. Since these two subspaces have the same dimension, they
coincide. This shows that, for z € Fyn,

if t(z) #0,
|ker 9a| = ¢ ift(z) =0.

On the other hand, for a given z € Fy», we notice that

{r €Fyn : pa(r) = 2} =

D p. (B2 =) Vr, O trgn/qp(B-2) = > Ur, 0 (B trgn/qp(2)) =

BEF b BEF b BEF b

because ¢ = trgn g» is Fgo-linear. Combining the two displayed equalities, we obtain the result. O

3.2 Proof of Theorem 3.1

We start by giving a ‘concrete’ expression for L(E, ., T) in terms of the number of rational points on the
reductions of F, ., at places of K. To that end, we introduce the following notations: for any n > 1 and

any 7 € P1(F,»), denote by v, the place of K corresponding to 7 and by (E, ), the reduction of a integral
minimal model of E, - at v, (a cubic plane curve over F,_, not necessarily smooth) We then let

Aay(1.4") = q" + 1 = [(Eay)r (Fgn)l.
With these notations, we have:

Lemma 3.6 — The L-function of E, , is given by

n ™
IOgL avv Z Z Aa,'y(Taq ) ' 7 (36)
TeP! (Fqn)

n=1

Proof: Starting from the definition (1.5) of the L-function of E, -, expanding log L(E, /K, T) as a power
series in T and rearranging terms yields the desired expression for L(E, ~,T).
See | , §2.2] or | , §3.2] for more details. O

The next step is to find a more tractable expression of the inner sums in (3.6). For any finite extension Fyn
of Fy, we again let A : F%. — {£1} be the unique nontrivial character of F 5. of order 2. For any 7 € P! (Fgn),

we choose an affine model y? = f, () of (E—;Y)T (with f-(z) € F,, [z] monic of degree 3): a standard
computation then yields that

Aa,y(T,q"):qn+1—|(E/::)T(Fq")|:qn— Y THA(fr(a - Y A(f(@). (3.7)

z€Fyn z€Fn

Since E, ~ has split multiplicative reduction at co (see Proposition 1.1), we have A, (o0, ¢™) = 1. Moreover,
by Remark 1.2, we may choose f;(z) = x(x + 167)(z + p.(7)?) for any 7 € Fyn. Summing identity (3.7)
over all 7 € Fyn for this choice of f-(z), we obtain that

= Y Aay(rg) =D > Aa(z+169)(z + pa(1)?)) -

TEFn Tz€F n TEF n

We know from Lemma 3.5 that, for any z € Fyn,

{re€Fpipa(m)=2}= D ¥p(B-2)

BEFaMFyn
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Therefore, we deduce that

— Y Aunlrng) = 5 S Hr € B pulr) = 2} A (aa + 167)(w + %))

TE]Fqn .’,CE]Fqn zE]Fqn
= Y Y S A t16n@ ) (B | = > M (8,7),
BEFaNFyn \2E€F n 2E€F n BEF aNFyn

where Myn(8,7y) is the double character sum that we studied in §3.1 (with F = Fgn). Proposition 3.3,
together with our computation of A, (o0, ¢"), then leads to

Z Aa,’Y(Tv qn) = - Z (Klqn (¢q”7752)2 - qn) . (3~8)

TEPL (Fyn) BE(FqanFyn)~{0}

For each g € F;n,, Proposition 2.1(iv) proves the existence of two algebraic integers klg, (tgn;vB?%) and
Kl . (¥gn;7B%) whose product is [Fyn| = ¢" and whose sum is Klgn (1475 7/3%). We thus have

Kl (Vgn,78%)% = ¢ = {Klgn (g3 78%) + Kl (gn; 18%) }> = 0" = Klgn ($gn578%)” + Kl (80gn5782)” + "

Hence, for all n > 1, (3.8) can be rewritten as

S g == S (Ko (90098%) + K (90595%) + ") (3.9)

TP (Fyn) BE(FqanFyn)~{0}

For any 8 € F;a, we let dg := [Fy(B) : Fy] be the degree of 5 over F,. Such a 3 also belongs to Fyn if
and only if dg divides n i.e., if and only if Fyn is an extension of ]quﬁ. Therefore, by Proposition 2.1(iv)
one has

Klgn (g, 75%) = Klgn (V105 0 800005782 = Ky (63053 98%)™ % 4 K, (0003752

For brevity, we temporarily write wy(53) := kl 4 (wqu ; 752)2, wa(B) == kI;dﬁ (d}qdﬁ ; *yﬁ2)2 and w3(B) := ¢%.
We deduce from (3.9) that

S Aunna) == S (@B wa(B) () ).

TEP (Fgn) BE(FyanF m)~{0}
Upon multiplying both sides of this identity by 7" /n and summing over all integers n > 1, we arrive at
T'VL
—log L(Eqn~,T) = Z Z (wl(ﬂ)n/dﬁ +w2(5)n/d5 + wg(ﬂ)n/dﬁ) L
n>1 \ BE(F,aNFyn)~{0}

and exchanging the order of summation (setting m = n/dg) leads to

deg

“log LBy, T) = 3 [ 32 @i(8)™ +wa(8)™ + ws(8)™)

Beﬂ::a m>1

3
= > dlﬁolog (H (1w¢(ﬂ)~Tdf*)> (3.10)

ﬁGF:a =1

. md/;

Moreover, as we have explained in §2.2, for each 8 € Fy. with degree dg, the triple {w; (), w2(8), ws(5)}

is constant along the Galois orbit {3, 39, ... ,,Bqdﬂfl} i.e., the closed point of G,, corresponding to 5.
Consequently, for a closed point v of G,, whose degree divides a, we may define w;(v) to be w;(3) for any
choice of 3 € v. Each term log(1 — w;(v)T%) (for i = 1,2,3) appears d, = dg times in (3.10) and we may
thus rewrite the sum over g € F;a there as a sum over closed points of G,,, whose degrees divide a:

3
log L(Ear T) = Y log (H (1-wi(v) -Td“>>

vEPy(a) i=1

Exponentiating this identity and replacing the w;(v)’s by their value (see §2.2) concludes the calculation of
the L-function of E,  over K. O

12



3.3 Rank and special value

From the factored expression of L(E, ,T) obtained in Theorem 3.1, one can deduce explicit expressions of
the analytic rank p(E, ) and of the special value L*(E, ~,1) (as defined in §1.2).

Proposition 3.7 — For any v € F; and any integer a > 1, we have

P(Bay) = |Pyla)| (3.11)
K, (v)?
and  L*(Esn,1)= [ 4degv- [] (1—4;degv)- (3.12)
vEPy(a) vEP;(a)

Proof: For each v € Py(a), let

9o(T) :

(1—q% - T%) (1= kly(v)> - T%) (1 — kI, (v)* - T%)

be the corresponding factor of L(E, ,T) (as in Theorem 3.1). The factor 1 — g% - T has a simple zero at

T = ¢ ' and neither of the other two factors of g,(T') vanishes at 7' = ¢~'. Indeed, neither of kl,(v)? and
kl,(v)? can equal ¢% since [K,(v)| = |k, (v) + kL, (v)] is strictly smaller than 2¢%/? by Proposition 2.1(vi).
Hence, g,(T) has a simple zero at T = ¢~ ! and we have

p(Eapy) = ordy—g-1 L(Eap, T) = Y ordr—g1 (1) = |Py(a)l,
vEPy(a)

which proves (3.11). Next, by definition (¢f. (1.7)) of the special value L*(E, , 1), we have

9(T)
H (1 —qT T=q1> .

T=q~! vEPy(a)

L(E.~,T)

FEeo D= gry

Besides, a straightforward computation yields

9»(T) B (1 B kl,y('u)2> - klfy('u)2 4 4qt — K, (v)? .
1_ qT - v qd” qd” v qdv
Combining the last two displayed identities directly leads to the desired expression for L*(E, ,1). 0

Since the curve E, ., satisfies the BSD conjecture (see Theorem 1.5), Proposition 3.7 implies that
rank E, (K) = |Py(a)|]. It is worthwhile to note that the Mordell-Weil rank of E, ,(K) is actually in-
dependent of v € F¢ (this is evident from (3.11)). By Lemma 2.5(i), we therefore have

rank E, . (K) = % + O(qa/Q) (as a — 0). (3.13)
In particular, this yields that rank E, ,(K) >, ¢*/a, and we retrieve the following result of ‘unbounded
rank’ (see [ , Coro. 2.7.3]).

Corollary 3.8 (Pries - Ulmer) — Let F, be a finite field of odd characteristic and K = Fy(t). For
all v € B, the rank of E, ,(K) is unbounded as a > 1 tends to infinity.

Let us also compare (3.13) to the upper bound of | , Prop. 6.9], which states that

deg N (E,,)

rank E, ,(K) <4 W
a,”y

From §1.1, we know that ¢* < deg N'(E, ) < ¢%; hence (3.13) shows that rank E, - (K) attains Brumer’s
upper bound (up to constants depending on ¢).

3.4 Angles of the sums K, (v)

For any v € P,(a), we know that K, (v) is a real algebraic integer with |K,(v)| < 2¢%/2 in any complex
embedding (see items (i), (iv), (v) in Proposition 2.1). Thus, there exists a unique angle 6, (v) € [0, 7] such
that

K, (v) = 2¢%/? - cos 0., (v). (3.14)
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Note that the individual angles 8- (v) depend on a choice of complex embedding Q((,) — C, but that the
set {6, (v) }vep,(a) does not.
We can then rewrite the expression of L*(E, -, 1) obtained in Proposition 3.7 in terms of these angles:

L*(Eqyq,1) = H 4degw - H sin® (8,(v)). (3.15)

vEPy(a) vEPy(a)

In section 6, we will prove upper and lower bounds on the size of L*(E, ,1) in terms of the degree b(E, )
of the L-function. From the above expression, it is obvious that this size crucially depends on how the angles
104 (v)},c P, (a) 1€ distributed in [0, 7] when @ — oco. Therefore, we spend the next two sections describing
this distribution in some detail.

4 Small angles of Kloosterman sums

In this section, we work in the following setting. Let IF be a finite field of odd characteristic p, and 1
be a nontrivial additive character on F. We assume that 1 takes values in Q((,) and we pick a complex
embedding Q(¢,) — C.

For any o € F* the Kloosterman sum Klg(t; @) is a real algebraic integer with [Klg(1; )| < 2|F|'/?
(see Proposition 2.1(i), (iv) and (v)). Thus there is a well-defined angle 0r(3), @) € [0, 7] associated to the
Kloosterman sum by

Klp(1); ) == 2|F|*/2 - cos O (1; ).

Further, as noted in Proposition 2.1(vi), the angle 0r(¢; a) cannot be 0 or 7 since Klp(¢); &) ‘never attains
the Weil bound’. In this section, we investigate how close 0r(1); &) can be to 0 and 7; we prove the following
result, which may be of independent interest.

Theorem 4.1 — There exists an effectively computable constant ¢, > 0 (depending at most on p) such that
the following holds: for any finite field F of characteristic p, any nontrivial additive character 1 on F and
any o € F*, one has

O ()] > [FI™ and |7 = Or(s; )| > [F|7“.
Moreover ¢, = 2(p — 1) is a suitable value of the constant.

Before we start the proof, we recall for convenience the following version of Liouville’s inequality:

Theorem 4.2 (Liouville’s inequality) — Let P € Z[X] be a polynomial of degree N. For any algebraic
number z € Q, let D, be its degree over Q and h(z) denote its logarithmic absolute Weil height.
FEither P(z) =0 or
[P()| = [[PII7 7 - exp (N - D - h(2)), (4.1)

in any complex embedding of Q(z), where || P||1 is the sum of the absolute values of the coefficients of P.

See the introduction of | | and the proof of Lemma 5 in loc.cit. for this version and its proof.

Proof (of Theorem j.1): Welet F,1) and a be as in the statement of Theorem 4.1; we choose an embedding
Q — C which is compatible with our choice of Q((,) — C. By Proposition 2.1(iv), we can write

Klr(1); o) = kg (5 @) + Kl (¢; ),

for two algebraic integers klg(1; @), kI (1; @) of magnitude |F|'/? whose product is |F|. In the given complex

embedding, klg(¢; @) and klz(¢; o) are complex conjugates: one of them thus has nonnegative imaginary
part i.e., equals |F|'/2 . ¢?%(¥:@) by Proposition 2.1(v). Without loss of generality, we may and do assume
that it is klg(1; a). Consider the ratio z := klp(1); @) /|F|}/? = ¥ (¥i®) ¢ Q and write L := Q(z) C Q.

We have

Lemma 4.3 — z has degree D, < 2(p — 1) and height h(z) < log+/|F|. Moreover, z # £1.

Proof: By Proposition 2.1(i), we have Klp(1); ) € Q(¢, + (:p_l). Further, Proposition 2.1(iv) implies that
klg(1; @) and ki (; @) are the roots of X2 — Klp(¢); ) - X + |F[; it is then clear that the degree of klg(1); o)
over Q is < 2[Q(¢, + ¢, ') : Q] = p— 1. We thus have

D, =[L:Q] < [Q(F"? Ks(y; ) : Q] < 2(Q(¢ + ¢ ) : Q) < 2(p — 1),
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as was to be shown. Since |klg(1; a)| = |F|'/2, we infer that |z| = 1 in any complex embedding of L, therefore
the archimedean places of L do not contribute to h(z). We deduce further that z is a unit at all finite places
of L which are not above p; hence these places do not contribute to h(z) either. It remains to consider finite
places B of L lying above p: since both klg(1; ) and kly(v; o) = |F|/klp(¢); ) are algebraic integers, the
contributions of P to h(z) is < 1 - Or?ﬁgfl)
Finally, Proposition 2.1(vi) shows that 0r(¢; o) ¢ {0, 7}, and the last assertion easily follows. O

. By summing these, we conclude that i(z) < 1 log|F|.

Upon applying Liouville’s inequality (4.1) to z with P = X £ 1 and using Lemma 4.3, we obtain that

log|z+1] > (=D, + 1) -log2 — D, - h(z) > —D, - <log2 +log \/|]F|)
>—D,  log|F| > —2(p—1) - log |F|. (4.2)

Noting that the the graph of ¢ — |sint| lies below its tangents at ¢ = 7/2, one sees that |’ — 1| < |¢| for
all t € [0, 7]. From this inequality and the lower bound (4.2) on |z — 1|, we deduce that

105 (3 )| = [V — 1] = |2 — 1] > |F| =7,

where ¢, = 2(p—1). To get the lower bound on |6 (1; @) — 7|, we use the lower bound on |z+1]| in (4.2) and
the inequality stating that | 41| < |7 —#/| for all ¢’ € [0, #]. This concludes the proof of Theorem 4.1. [J

Let us deduce two corollaries from Theorem 4.1. The first one can be viewed as a slight improvement
on the Weil bound on Kloosterman sums (i.e., an effective version of Proposition 2.1(vi)):

Corollary 4.4 — For any finite field F of characteristic p > 3, any nontrivial additive character ¢ on F
and any o € F*, we have

K 2 B
| 1]F<’(/J;a)‘ < 2|F|1/2 . (1 - . HF' 2cp> 7
where Cp is the constant in Theorem 4.1.

Proof: By construction, we have |Klg(;a)| = 2|F|*/2 - | cos 0 (1; a)|. Theorem 4.1 implies that r(1); @)
lies in [Q, 7 — Q] with @ = (¢*)~°». The Corollary follows from the elementary observation that

) : /N2 2
v € Qo — Ql, |cose|:ﬁ_wegl_ygl_wgkﬂ. 0

2 2
The second corollary is more central to our study of the size of L*(E, -, 1), cf. §6.1.

Corollary 4.5 — Let Iy be a finite field of characteristic p > 3 equipped with a nontrivial additive charac-
ter 1. For any y € Fy and any integer a > 1, the angles 6. (v) for v € Py(a) defined in §3. satisfy

(@) < 0y(v) <7 —(¢")", (4.3)
where ¢, is the constant in Theorem 4.1 above.

Proof: For all v € Py(a), the residue field F, is a subfield of Fg and we may choose 3, as in §2.2.
Upon noting that |F,| < ¢%, the Corollary immediately follows from Theorem 4.1 applied to F = F,,

Y =140 trg, /¥, and oo = ’yﬁf. O

5 Distribution of the sums K, (v)

In this section, we fix again a finite field F; of odd characteristic p, an element v € F* and a nontrivial
additive character 1, on Fy with values in Q((,). For any finite extension F/F,, we continue denoting by
Y the composition 9, o trp/r, of ¥, with the trace trp/p, : F — F,.

Loosely speaking, we show that, asymptotically as a — oo, the numbers ¢~%/2 - K, (v) with v € P,(a)
(see §2.2) are distributed in [—2,2] as ‘the traces of random matrices in SU(2,C)’. In order to make this
statement more precise and to prove it, we begin by introducing the necessary notations and notions.

Choose a prime number ¢ # p, an algebraic closure Q; of Q;, an embedding Q — Q, and a field
isomorphism Q; ~ C. Through this isomorphism, we view 14 as a Qg-valued additive character on IFy.

We fix a separable closure K% of K. The set of places v # 0,00 of K can be identified with the set of
closed points of the multiplicative group G,, = P! \ {0, 00} over F,. For a finite extension F/F, and a point
a € G, (F), we denote by Frp ,, the geometric Frobenius of G, at «, which we view as a conjugacy class in
the profinite group Gal(K*°?/K). For any closed point v of G,,, we choose 3, € v and we let Fr, := Frg, g, .
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5.1 Angles of Kloosterman sums

Let us start by redefining the angles 0p(¢r; @) from a representation-theoretic point of view. The reader is
referred to | , Chapter 3] or | ] for more detailed presentations.

In Chapter 4 of | ], Katz has constructed a lisse Qg-sheaf KI° on G, whose Frobenius traces are
Kloosterman sums (KI° is the so-called Kloosterman sheaf). Taking a suitable Tate twist, one obtains a
lisse Qg-sheaf KI = KI1°(1/2) of rank 2 on G,,, which is pure of weight 0.

By definition, Kl ‘is’ a continuous 2-dimensional Q-representation x : Gal(K*°P/K) — GL(2, Q) which
is unramified outside {0, oo} and which satisfies the following. For all places v # 0, 00 of K, the eigenvalues
of k(Fr,) have magnitude® 1 (‘pure of weight 0’) and the trace of x(Fr,) is:

Trace (k(Fr,)) = |Fo| =22 - Klg, (¢r, ; Bo),

where (3, € G, (F,) is a choice of element in the closed point of G,, corresponding to v, as in §2.2. Note
that, even though Fr, is only defined up to conjugation in Gal(K*®P/K), its Trace (r(Fr,)) is well-defined.

Katz has shown that the image of Gal(K*®®P/K) under & is contained in SL(2,Q;) (in other words, the
representation x has trivial determinant, see [ , Chap. 11]). Via the chosen isomorphism Q; ~ C,
we may view k(Gal(K®P/K)) as a subgroup of SL(2,C). The special unitary group H := SU(2,C) is a
maximal compact subgroup of SL(2, C) and, since SL(2,C) is semisimple, such a H is uniquely determined
up to conjugation. For any place v # 0, 00, let k(Fr,)* be the semisimplification of x(Fr,): the closure of
the subgroup of SL(2, C) generated by all the x(Fr,)%* is compact and thus, up to conjugation in SL(2,C),
lies in H.

We denote by HY the set of conjugacy classes of H and we equip H? with the measure u? obtained as
the direct image of the Haar measure on H normalised to have total mass 1. The trace of M € H (or
of any element in its conjugacy class) is the sum of two conjugate complex number of magnitude 1, so it
is a real number in [-2,2]. More precisely, a matrix M € H is conjugate (in H) to a diagonal matrix
Diag(e??» =) for some unique 0y € [0, 7] and Trace M = 2cos 0. Hence, the set H% endowed with pf
can be identified with the interval [0, 7] endowed with the Sato-Tate measure pugt := 2 sin? 6 df (see | ,
Chap. 13]). We identify any angle 6 € [0, 7] with the conjugacy class of Diag(e®, e_iér) € H? which we also
denote by the same symbol 6.

We are now ready to (re)define angles of Kloosterman sums. For any finite extension F/F, and any
a € G, (IF), the semisimplification of x(Frro) € SL(2,C) is SL(2, C)-conjugate to an element of H, and we
can define fr(¢r; o) € H? to be the conjugacy class in H of this element. In the identification between H°®
and [0, 7], this gives us a well-defined angle Or(¢p; ) € [0, 7], see | , §3.3].

For any finite extension F/F, and any o € G,,,(F), we thus have

2 - cos O (¢r; ) = Trace (k(Frp,o)>*) = Trace (k(Frpqo)) = |F| =2 . Klg(¢r; @),
so that the new definition of cos Or(¢r; ) coincides with the one given at the beginning of section 4.

Definition 5.1 Fix a finite field F, equipped with a nontrivial additive character 1), and v € F. For any
place v # 0,00 of K, let 8., (v) be the angle associated to the Kloosterman sum K. (v) = Klg, (¢r,;75%) by
the construction above. In other words, we put 6., (v) := 0p, (Yr,;v82) € SU(2,C)".

Remark 5.2 Let [ be the finite extension of F; with [F : F;] = a. For an element o € G,,(F), let w be the
closed point of G, corresponding to « (i.e., w is the Gal(F,/F,)-orbit of a). The residue field F,, is then a
subfield of F and Fry o, = (Fr,,)" ) as conjugacy classes in Gal(K*P/K). Therefore r(Frp o) = #(Fr,, )]
and

Teew Or, (Y, 0) = [F : Fol - Or, (Vr,; ) = Op(¢r; @) mod 7.

In particular, when v is a closed point of G,, whose degree divides a and when [, € v, by our definition
0.,(v) = Or, (¢Yr,;vB2), the above relation reads

Tees 04 (v) = Or (Yr; v82) mod .

5.2 Statement of results

Denote by psr the Sato-Tate measure 2 sin #d6 on [0,7]. A sequence of Borel measures {yi;};>1 on [0, ]
is said to converge weak-x to pgr if, for every continuous C-valued function f on [0, 7], the sequence of
integrals f[o 1 f dui converges to f[o [ dust as i — oo.

4Here we view x(Fr,) € Qg as an element of C by means of the chosen isomorphism Q; ~ C
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Our results concern two sequences of probability measures that we now introduce.

Definition 5.3 We fix a finite field I, of characteristic p > 3, a nontrivial additive character ¢, on F,
and « € F. For an integer a > 1, we again denote by P,(a) the set of closed points of G,, whose degrees
divide a. For all integers a > 1, we define

v(Fq,vq,7;0) ==

> 5{6,(v

q( ) vEPy(a)
where 6{z} denotes the Dirac delta measure at = € [0,7]. For all finite extensions F/F,, we also define
EFg, g, viF) = —— - Y §{0r(vr;78%)}.
G e
In what follows, we abbreviate v(Fy, 1q,7;a) by v, and £(Fy, ¥q, v;Fga) by &q.

Clearly, both v, and &, are Borel measures on [0, 7] with total mass 1. It follows from the discussion
in §5.1 that we may view v, and &, as measures on H%; we use both points of view interchangeably. Moreover,
we note that &, is also given by”

1
§o =E(Fq,¥q, 71 Fga) = W ’ Z degv - 5{ﬁ;v ' 97(”)}7 (5.1)

vEPy(a)
where 72— - 0,(v) is to be understood modulo 7 (see Remark 5.2).
g U
Remark 5.4 In terms of the measure v,, Corollary 4.5 can be reinterpreted as follows: given F,, 1, and +y as
above, for any a > 1 the support of the probability measure v, on [0, 7] is contained in [(¢%) ", 7 — (¢*)°"].
We can now state the two main results of this section. First we show that the angles {6, (v)},ep,(a) are
asymptotically equidistributed with respect to the Sato—Tate measure as a — oo. Namely,

Theorem 5.5 — Assume we are given a datum Fy, 14,7y as above. Then the sequences {£,}a>1 and {vq}a>1
of Borel probability measures both converge weak-x to the Sato—Tate measure ust when a — oco.

This statement concretely means that, for all continuous functions f on [0, 7], we have

- > f(e fdv, —— fdugr = = f( )sin?(t) dt. (5.2)
q( veP,(a) [0,7] a0 Jio,n]
It will be proven in Propositions 5.7 and 5.9 by a suitable adaptation of the arguments in [ , Chap.3]

and [ , §2].

In the course of proving Theorem 6.3, we will need a more effective version of (5.2): indeed, we require an
estimate of the rate at which f[o,w] f dv, converges to f[o,w] fdust, at least for a smaller class of functions f.
This is the object of the second result in this section:

Theorem 5.6 — Assume we are given a datum Fg, 14,7 as above. For any continuously differentiable
function g on [0, 7], we have

/ gdv, —/ gdpst
[0,7] [0,7]

This will follow from the proof of Theorem 5.5 coupled with tools from distribution theory (see [ D-
The proofs will also show that the constants in Theorems 5.5 and 5.6 are effective and depend at most
on ¢ (and neither on the choice of ¥, nor on the value of v € Fy).

1/2 ™
<4 Zﬁ /0 lg'()dt (s a — o0). (5.3)

5.3 Equidistribution of 6,(v)’s

In this subsection, we prove Theorem 5.5 in two steps (Propositions 5.7 and 5.9). Let us first make a
reduction (see | , §3.4, §3.5] for more details). We need to show that, for all complex-valued continuous
functions f on [0, 7], we have

/ fdé&,, / fdv, —— fdusr.
[0,7] [0,7]

a—r 00 [0771,]

5The measure &, is the measure denoted by X, in [ , §3.5] applied to our situation.
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Since H = SU(2, C) is compact and since [0, 7] can be identified with H%, there is a natural correspondence
between the space of continuous functions on [0, 7] and the space Cfcent( ) of continuous central functions
on H. When €2,,(H) is endowed with the topology of the supremum norm, the Peter-Weyl theorem
asserts that the vector subspace generated by characters of irreducible finite-dimensional representations
of H is dense in €2,,(H). By density, Theorem 5.5 will follow if we can show that, for all irreducible
finite-dimensional representations A of H,

/ Trace A d&,, / Trace Ady, —— Trace A du®.
Hb4 Hh

a— o0 Hb

If Ag is trivial, Trace Ay is the trivial character 1 on H and the above limits clearly hold because the mea-
sures v,, &, and p? on HY all have total mass 1. Now, when A is a nontrivial irreducible finite-dimensional
representation of H, the integral f Hh Trace A dp® on the right-hand side vanishes by orthogonality of char-
acters. Hence, the proof of Theorem 5.5 reduces to that of the following statement®: for any nontrivial
irreducible finite-dimensional representation A of H = SU(2,C), one has

/ Trace A d&,, / Trace A dv, —— 0.
Hh Hh a—r o0
We actually prove slightly more precise estimates.

Proposition 5.7 — Fiz Fy,v, and v € Fy as in §5.2. Let A be a nontrivial irreducible representation
of H=SU(2,C). For all a > 1, one has

dim A
’ / Trace Adé,| <q —or. (5.4)
Ht q
Proof: For any finite extension F/F,, notice that
Z Trace A (0 (Vr; 75%)) = Z (1+ Ar(a’)) - Trace A (O (¢Vr; v2))
BeFx o/ €F*
= Z TI‘&CGA(H[F(QMF; Oé)) + )\IF Z )\IF - Trace A(@]F(’(/J]F, Oé)),
a€lf* a€FX*

where Ap denotes the unique nontrivial character of order 2 on F*. Therefore, one has

Z TraceA(HF(ibF;’yB Z Trace A H]F (Vr;

BeF* a€FX

Z Ar(« TraceA(GF(wF;oz)) . (5.5)

acFx

For any multiplicative character x on F) and any finite extension F/F,, we denote by xr := x o Ng/r,
the character on F* ‘lifted’ by the norm Ng/p, : F — F,;. The crucial input is a result of Fu and Liu (see
Lemma 4 in [ ]) who have proved that, for every multiplicative character x on Fy, one has

dlm A

Z XIF(a).TraceA(HF(wF;a)) < |]F|1/2

a€Gy, (F)

Applying this inequality successively to both multiplicative characters on F, whose order divides 2, we
deduce from (5.5) that

> Trace A(Br(vs;78%)) | < (dim A) - [F|'/2.
BEFX
Therefore, for any finite extension F/F,, we have proved that

‘/ TraceAd{(Fq,t/Jq,'y;]F)‘ Z Trace A (O (Vr; 78%)) | <4 dim A - |F|71/2,
HE

|(G
ﬂEIFX
Specialising to F = F,a yields the desired estimate since &, = &(Fy, ¥q, v; Fga). 0
6This is the analogue in the Sato-Tate context of Weyl’s criterion for uniform distribution (see [ , Chap. 4, §1]).
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Remark 5.8 Let us suggest an alternative way of proving Proposition 5.7. Denote again by Kl the Kloost-
erman sheaf (suitably twisted to be pure of weight 0) whose existence was proved by Katz. For a given
v € F, consider the morphism f : G, — G, given by 3 B2, and put G, := f*Kl. Then g, is again a
lisse Qg-sheaf of rank 2 on G,,, which is pure of weight 0. Moreover, for all places v # 0, 00 of K, one has

Trace (G, (Fry)) = [Fo| /% - Kle, (r,; 757) = [Fo| /2 - Ky (v).

In the case where v = 1, Remark 1 in | | sketches a proof that G, satisfies the assumptions of §3.1-§3.3
in [ ]. One could therefore prove Proposition 5.7 by making use of | , §3.6].
This argument should carry over, mutatis mutandis, to the case of an arbitrary ~ # 0.

To complete the proof of Theorem 5.5, it remains to show that {v,},>1 also converges (weak-*) to ugr.

Proposition 5.9 — Fiz a datum Fy,vq and v € F as in §5.2. Let A be a nontrivial irreducible represen-
tation of H = SU(2,C). For all a > 1, one has
Trace Ady,

Lg dim A - (5.6)

a
o qa/2'

Proof: Consider the measure w, := |Gy, (Fya)| - & — a|Py(a)| - v, on H® (or [0,7]). By (5.1), we have

wa= (degvﬂ{ﬁﬁ’v(v)}—a {60, (v ) SN (0-5{26,(0)} —a-5{6,(v)}).

€P, v s.t.
Zegv(<atz bia degv=b
Let No =3 4, p<q Tq(b) - (b + a), where mq(b) denotes the number of places v # 0,00 of K with degv = b.

As is clear from the right-most expression above, w, is a sum of N, Dirac delta measures supported at
points of H'. By straightforward estimates using the ‘Prime Number Theorem’ for F,[¢] (see Lemma 2.5),
one can show that

N, Zﬂ'q -(b+a)<2a- Zﬂ'q g 0- Z ¢ <, a-qv2

bla bla 1<b<a/2
b<a b<a

Since, for any z € K, the eigenvalues of A(z) all have magnitude 1, we have |Trace A(z)| < dim A. Hence
we find that

’ Trace A dw,| < N, - dim A <, dim A - a - ¢*/? (5.7)
Hb
Now we notice that G (B )| )
Va:miqalga—’_i.wav
alPy(a)l alPy(a)|

where a|Py(a)| >4 ¢* and |G, (Fge)| <4 a|Py(a)|, again by Lemma 2.5. Therefore, combining (5.4) in the
previous Proposition and inequality (5.7), we deduce that

G 1
‘/ Trace Ady,| < ‘7 ’/ Trace Ad&,| + ’/ Trace A dw,
HA alPy(a Ht a)| Ht

qa/2
Lg dim A - <q_“/2 + > Lg dim A -
q®

q/2

This concludes the proof of the Proposition and, by the discussion at the beginning of this subsection, that
of Theorem 5.5. O

5.4 Effectivity of the equidistribution

The nontrivial irreducible representations of H = SU(2,C) are exactly the symmetric powers Symm" (std)
of the standard representation std : H — GL(2,C). Moreover, if A, = Symm"(std) for some n > 1,
then A, has dimension n + 1 and the trace function TraceA, : H% — R corresponds to the map’
6+ sin ((n + 1)6)/sin 6 in the identification of H* with [0, 7].

It is convenient to denote by ., (a), the ‘nth moment’ of {0 (v)},ep,(a) i-€-,

sin ((n +1)64(v))
Z sin 6, (v) '

My (a) = /Hh Trace A,, dv, = (5.8)

@l 4=

With this notation, the result of Proposition 5.9 can be rewritten as follows. Given a datum Fg,¢q,v € Fy
as in §5.2 and an integer n > 1, one has

Va > 1, M (a)] <4 (n+1) -ag™ 2. (5.9)
“so that Trace Ap, () = Uy (cos @), where Uy, is the nth Chebyshev polynomial of the second kind.
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To measure ‘how far’ from being perfectly equidistributed with respect to the Sato—Tate distribution the
angles 6, (v) are, it is customary to introduce the star discrepancy D; . (a):

/ dl/a - / dMST
[0,2) [0,2)

where the supremums are taken over « € [0, 7). This definition is the direct analogue of the star discrepancy
for the uniform measure (see [ , Chap.2, §1]) in the context of pgr. The interest of finding good
upper bounds on D;,Y(a) is exemplified by the following result, which is similar to Koksma’s inequality (see
Theorem 5.1 in | , Chap.2)).

D . (a) :=sup

= sup s
T T

| Py(a)|

[{v € Pyfa) : 0,(v) € [0, 2)}] _/[o )dALST

Theorem 5.10 (Niederreiter) — For any function g : [0,7] = R of total bounded variation ¥ (g), one

has
/ gdv, — / gdpusr
[0,7] [0,7]

This statement is essentially® Corollary 2 in | ], the proof of which is based on an adaptation to the
Sato—Tate context of the proof of Koksma’s inequality for the uniform measure (See [ , p. 143]).

Note that, for a continuously differentiable function g, one has ¥ (g fo lg'(¢)|dt. Therefore, Theo-
rem 5.6 follows directly from Theorem 5.10 and the following:

< D;(a) #(g). (5.10)

Proposition 5.11 — The star discrepancy of {8,(v) }vep,(a) is bounded by

al/2
DQ;’Y( ) <q a/4’
q
Proof: Niederreiter has proved in | ] a variant of the ‘Erdés—Turdn inequality’ in the Sato—Tate context.
Just as the Erdos—Turdn theorem (see | , Chap.2, Thm. 2.5]), his result gives an upper bound on D;; _ (a)

in terms of ‘exponential sums’, here the moments .#,(a) defined in (5.8). Let us state Lemma 3 in |
as follows”: for any odd positive integer N, we have

2N—1
D}, (a)l, 5.11
AP g () (5.11)

As was noted in (5.9), Proposition 5.9 reads: |.#,(a)| <, (n+ 1) -ag=%/2. Also remark that

2N—-1 o0

(n+1)2 1

- <2N -1 ——— =2N-14+3/4 < N.
ngl nn+2) ~ +;n2—|—2n +3/4<

Hence, for all odd N > 1, (5.11) leads to D} (a) <4 N™' + aq~%? . N. Choosing N to be the largest odd
integer smaller than (61_1(]‘1/2)1/27 we have N~ <« a!/2¢=%/* and we obtain the desired bound. (]

6 Bounds on the special value

By definition (1.3), the special value L*(FE,.,1) is the value at T = ¢~! of a polynomial with integral
coefficients of degree < b(E, ). Therefore, L*(E, -, 1) is of the form n/¢"(Fa) for some integer n > 1, and

we deduce the following ‘trivial’ lower bound on L*(E, ,,1):

log L*(Eqq,1) logn
log (qb(Ea,'y)) B log (qb(Ea'y))

—-1>-1. (6.1)
On the other hand, using techniques from classical complex analysis, Hindry and Pacheco show the following
upper bound on L*(E, ,1) (see Theorem 7.5 in | D:

log L*(Eq ~, 1) loglog b(Eq,~)

log (g"Fen)) ™ logb(E,.)

In this section, we prove the main theorem of this article (Theorem A in the introduction), which provides
a significant improvement on (6.1):

8Instead of considering the measure pgT on [0, 7], Niederreiter works on the interval [—1, 1] endowed with the direct image
of pugT under ¢ — cost (the ‘semi-circle measure’); the translation to our setting is straightforward.
9See previous footnote. Note that | | actually gives explicit constants in (5.11).
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Theorem 6.1 — Let Fy be a finite field of odd characteristic p and K = Fq(t). There exist positive constants
Cy, Cy (depending at most on q and p) such that the following holds. For all v € )\ and all integers a > 1,
the special value L*(E, -, 1) satisfies:

1 log L*(Eap,1) _ loglogb(Fas)
10gb(Eay) ~ log (¢"®er)) = %" logb(Ea,)

-4 (as a — 00). (6.2)

We will prove this Theorem in §6.2. The upper bound in (6.2) does not radically improve on the upper
bound of Hindry and Pacheco (loc. cit.) but, since our proof is rather short, we decided to include it here
for completeness. Our proof of the lower bound in (6.2), on the other hand, is much more involved: the
crucial step is the computation of a ‘Sato—Tate limit’, using the results of sections 4 and 5 (see the next
subsection). For later use (in section 7), we note that Theorem 6.1 implies that

llog L*(Ea,,1)| = 0(b(Ea,)) (as a — 00).

Remark 6.2 In | , , ], the author has also proved, for other families of elliptic curves,
lower bounds on special values of L-functions which are similar to (6.2). However, the approach used in
those papers for proving such bounds noticeably differs from the strategy of proof of Theorem 6.1: let us
investigate what comes out of our previous method for the sequence {E, }q>1 at hand.

The proof of Proposition 3.7 implies that

L*(Eqq, 1) = H dy - H (1 — kly(v)2q_d”) (1 — kI;(v)2q_d”) .
vEP,(a) vEP,(a)

————
=11y =11y

The product II; is an integer and can be shown to satisfy logIl; = 0(b(Eq,)) as a — oo (see (6.5) and
its proof), hence it is negligible for our purpose. As for the second term Iy, by construction of the special
value, it is of the form

N,
II, = —=2 for some integers €q,y > 0 and N, 4 > 1 with ged(Ng,y,q) = 1.

= qea‘«,

The proofs of | , Thm. 4.1] and | , Thm. 4.2] are essentially based on the observation that to
prove the desired lower bound on log L*(E, ~, 1), it is sufficient to show that the exponent eq - is o(b(Etm))
as a — 00. Let us show that this asymptotic relation does not hold here.

To do so, we keep track of the contribution to the exponent e, - of each factor in II,. Fix a prime ideal 3
of Q above p and denote by ordy the PB-adic valuation on Q so normalised that ordy(q) = 1. For any
v € Py(a), one has ordy(¢™) = d, and it can be shown that {ordy kl, (v), ordy kI (v)} = {0, d,}. Indeed,
we know from Proposition 2.1 that kl,(v) and kI (v) are algebraic integers whose product is |F,| = ¢%
and whose sum is K, (v). Besides it is known that K, (v) = 1 mod ‘P (see | , Prop. 3.1(v)] for
instance). Hence one of kl,(v) or kI (v) is a P-adic unit, so that the other has P-adic valuation d,,.

A quick computation then shows that the vth factor of IIs has B-adic valuation —d,, i.e., is of the form

(1 - kI,Y(v)Qq*d”) (1 - klﬁy(v)Qq*d”) =q . (a certain algebraic integer with ordgp = 0)

Taking the product of these factors over v € P,(a), we deduce that (cf. (1.6)):

Can= Y dy=|Cu(Fe)l=¢" 1= ==
vEPy(a)

Since eq, is not o(b(Ea_’,Y)), this ‘p-adic valuation’ method only yields a much weaker lower bound on the
special value L*(E, ,1) than the one in (6.2): namely,

log L*(Eqy., 1) /log (¢" =) > —1/3 + o(1) (as a — 00).
This is why we rely instead on studying the distribution of the angles {6, (v)},ep, () in [0, 7].

6.1 Evaluation of a Sato—Tate limit

In this subsection, we show the following result, which is the crucial input in our proof of the lower bound
in Theorem 6.1. For any integer a > 1, we again denote by v, = v(Fy,1,,7;a) the probability measure
on [0, 7] introduced in §5.2.
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Theorem 6.3 — Let Fy be a finite field equipped with a nontrivial additive character ¢4, and v € F. Then

/ log sin? dv, —— log sin? dpg. (6.3)
[0,7]

a— o0 [0771_]

More concretely, this statement means that

1 9 7
,(a)] GPZ( )log (Sin2 0,(v)) o | log(sin? t) - sin? t dt = log Z,

the evaluation of the integral on the right-hand side being a routine exercise in calculus.

Proof: For conciseness, we denote by w : [0, 7] — R the function given by w(t) := — log(sin? t) if ¢ # 0, 7 and
w(0) = w(7) := 0. Once and for all, pick a nondecreasing continuously differentiable function ¢ : [0,1] — R
such that ¢9 =0 on [0,1/3] and ¢9 =1 on [2/3,1]. For all € € (0,1), we define a function ¢ : [0, 7] — R by

Po(t/e) if t € [0,¢],
Pe(t) = Q1 if t € [e,m — €,
do((m—1t)/e) ifte[r—e ],

and we let w. := w - ¢.. By construction, w, is a continuously differentiable function on [0, 7] such that
we < w on [0,7], w = we on [e,7 — €], and we = 0 on [0,¢/3] U [r — ¢/3,7]. Furthermore, we have the
following analytic estimates:

Lemma 6.4 — Notations being as above, for all e € (0,1), we have

(i) /OTr lwi(t)]dt < |loge], (ii) /Oﬂ(w(t) —we(t)) -sin?(t) - dt < €| loge].

The constants depend only on the choice of ¢g.

We postpone the proof of this Lemma until the end of the subsection, and we now prove that f[o o W dv,
wdpgt when a — co. For any € € (0,1), note that

§/|ww€|d1/a+'/w€dya/wedpST +/|w67w|duST.

=T =T =13

converges to f[o al

‘/wdya/deST

Let us bound each of these three terms using the results in sections 4 and 5.

For e > 0 sufficiently small, we claim that the first term 77 vanishes. Indeed, w = w, on [, — €] and, as
we pointed out in Remark 5.4, Corollary 4.5 shows that the support of v, is contained in [(¢*) ", m—(¢*)~°"].
Therefore, for any € < (¢%)”“?, w and w, coincide (at least) on the support of v,, so that we have T} = 0.
Next, the function w,. being continuously differentiable on [0, 7], we can use our effective equidistribution
result (Theorem 5.6) to control the second term T5. Precisely, Theorem 5.6 yields

T, = ’/wedya_/wedMST

where the rightmost upper bound is Lemma 6.4(i). Finally, Lemma 6.4(ii) proves that T3 < €|loge]|.
In summary, for all € > 0 such that € < (¢%)” ", we have

/ wdy, — / wdusT
[0,7] [0,7]

Upon choosing € = (¢%)~7 where v = 2max{c,, 47!}, we conclude that

/ wdy, — / wdust
[0,7] [0,7]

which proves Theorem 6.3. We even obtain a more quantitative version of (6.3):

al/2 . ql/2
<4 W -/0 lwi ()] dt <, W - |log €|,

Ql/2
<4 Pl |log €| + €| loge|.

a

1/2

a Ya a
<<q'7a'qaﬁ+qaﬁ q,pW7

3/2

a3/2
Z log (sin* 0., (v)) = log(e/4) + O <qa/4> (as a — 00),

vEPy(a)

1
[Py (a)l

where the implicit constant depends at most on ¢ and p (and the choice of the auxiliary function ¢¢). O
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Proof (of Lemma 6.4): Since both w and w, are symmetric around 7/2, it is sufficient to prove (i) and (ii)
where the integrals are replaced by integrals over [0,7/2]. We also note that, for all ¢ € (0,7/2], one has
0 < w(t) < 2log 3. This follows from the classical estimate: sint > 2 for ¢ € [0,7/2].

To prove (i), we study separately the integrals over (0,¢) and over [¢,7/2]. Since w and w, coincide
on [e,7/2], we have
cost

Vt € [e,m/2],  |we(t)] =[w'(t)] =2

sint

by the classical estimate mentioned above. Hence we have fﬂ/ |wl(t)|dt < 7 fﬂ/2 t~1dt < |loge|. On the
interval (0, €), we use the fact that w. = w¢. to deduce that

vt € (0,6),  [w(t)] < [w'{t)] - ¢e(t) + [w(B)] - [QL(B)] < — - Pe(t) + [w(t)] -

s
t

196/
€ )

where ||¢{||cc denotes the supnorm of ¢ on [0,7]. By the upper bound on w(t) at the beginning of the
proof and the fact that ¢. = 0 on [0,€¢/3), we obtain that

37 2H¢/Hoo
vt € (0 ft)] < = 4 =2
(76)7 |we( )|— c € Y 2’

and from there, that
2 o0 o0
/ |wl(t)|dt < 3m + —= ”%H / log—dt<<1+ H%H -€|loge| < |loge|.

Summing the contributions of [; and f:/ *, we conclude that (i) holds, with a constant depending only
on ¢g. We now show that (ii) holds: by the symmetry of w — w, and since w = w, on [e, 7/2], it suffices to
prove that [; |w(t) — we(t)|sin? ¢ dt < €| log e|. By construction of ¢, we notice that

€ € () €
/ |w(t) (t)] -sin?tdt < / w(t) -sin® tdt < / w(t)dt < 2/ 1og%dt < €| loge|,
0 0 0
where inequality () follows from the upper bound on w(t) given at the beginning of the proof. O

6.2 Proof of Theorem 6.1
In (3.12) and (3.15), we have proved that

L*(Bay, )= [[ 4degv- ] (1 -7 deg@) [[ 4degv- JJ sin®(6,(v)).
vEP;(a) vEPy(a) q vEP,(a) vEP;(a)
Therefore, we have
log L*(Eq .+, 1) 1 1 9
' = . log(4ddegv) — ————~ —log (sin® 0,(v)), (6.4)
log (qb(Ea,’Y)) log (qb(Eav’v)) UE%;(&) log (qb(Ea,v)) 'uegq:(a) K
=Aq =Ay

and we estimate the terms A; and As separately. First of all, we deduce from Lemma 2.5(ii) that

loga - ¢°
Z log(4degv) <log(4a) - |P,(a)| <, ogaTq.
vEPy(a)

And, since we know by (1.6) that ¢* < b(E, ) < ¢%, this yields

loga loglogb(E, ~)
0< A Y
=4 <Se — T < logb(Eq,)

Let us now bound As. Recall from §6.1 that w : [0,7] — R denotes the function ¢ — —log (Sin2 t). It
is clear that As is nonnegative, and that one can write:

(as a = 0). (6.5)

_ |Pq(a)| 1 _ |Pq(a)|
0=z = log (¢"Fa) " log (@) Z w(8,(v)) = log (¢"F)) ' /[O,Tr] wdv.




By (1.6) again, we have b(E,~) > ¢* and, since Lemma 2.5(ii) yields that |P,(a)| <4 ¢*/a, we see that
|P,(a)|/b(E,,,) <4 a~t. Moreover, by Theorem 6.3, we have

3/2
/ wdy, =log(4/e) + Oy 4 (Za/4> <Kpg 1 (as a — 00).
[0,7]

Putting these estimates together, we infer that

1 1
0< Ay <yp - <ap logb (as a — o). (6.6)

(Eany)

Summing the inequalities (6.5) and (6.6), we finally obtain that

1 log L*(Eq.+,1) loglog b(Eq,~)
— : =A— A — — 00).
ogb(Bary) <7 Tog (@) A< o,y e o)
This concludes the proof of Theorem 6.1. O

7 Application to an analogue of the Brauer—Siegel theorem

In this section, we deduce from Theorem 6.1 and from the BSD conjecture that the following theorem holds
(stated as Theorem B in the introduction).

Theorem 7.1 — Let F, be a finite field of odd characteristic and K := Fy(t). For all v € Fy and all
integers a > 1, consider the elliptic curve E, /K as above. Then the Tate-Shafarevich group III(E, ) is
finite and, as a — o0,

log (|H_I(an)| . Reg(Eaﬁ)) ~log H(E, ). (7.1)
Alternatively, (7.1) can be rewritten under the form
Ve >0, H(E.,)' ¢ <. |HI(Eq,4)| - Reg(Ea y) <g,e H(E(m)1+€ (as a — 0). (7.2)

The upper bound in (7.2) was essentially conjectured by Lang for elliptic curves over Q with finite Tate—
Shafarevich groups'® (see [ , Conj.1]). Theorem 7.1 thus provides an unconditional example where
this conjecture holds for elliptic curves over K = Fy(¢). The lower bound in (7.2) further proves that the
exponent 1 of the height is optimal, in the sense that 1 cannot be replaced by any smaller number.

One may also view Theorem 7.1 as an analogue of the Brauer—Siegel theorem for the elliptic curves F, .
The Brauer—Siegel theorem states that, as F' runs through a sequence of number fields of given degree n
over Q and whose discriminants Ag tend, in absolute value, to 400, one has

Ve >0, AY <. |CUF)|-R(F) <ne AT (as |Ap| — 00), (7.3)

where CI(F) denotes the class group of F' and R(F) its regulator of units. At least formally, (7.2) is very
similar to (7.3). A more detailed analogy is explained in [ ] and [ ]

Proof: We know from Theorem 1.5 that the BSD conjecture holds for F, .. In particular, the Tate-
Shafarevich group II(E, ) is indeed finite and the special value L*(E,,1) satisfies (1.8). The BSD
formula (1.8) and Proposition 1.6 then imply the estimate:

log (\H_I(Ea,y)| . Reg(Ea,,)) _ log L*(Eq45,1)
log H(Eq ) log H(Eq,)

+0(1) (as a — o).

Therefore, to conclude the proof of Theorem 7.1, it remains to show that |log L*(E, ,1)| = o(log H(E,,))
or, alternatively, that
|log L*(Eq,y,1)| = 0(b(Ea,5)) (as a — o)

because, by (1.4), log H(E, ) and b(E, ) have the same order of magnitude as a — oco. But we have
already proved in Theorem 6.1 that this asymptotic estimate holds. 0

10Note though that Lang uses a different normalisation of the height: his (naive) height has an exponent 1/12 instead of our
exponent 1.
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